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Abstract In this paper, we analyzed a mathematical surface degrades water quality and the odor gives a
model of algal-grazer dynamics, including the e ect of nuisance to humans. It is well known that algal blooms
colony formation, which is an example of phenotypic are caused by eutrophication and a subsequent mass
plasticity. The model consists of three variables, which occurrence of cyanobacteria, such as/icrocystis, Ana-
correspond to the biomasses of unicellular algae, colo- baena, and Oscillatoria (Haney 1987 Reynolds et al.
nial algae, and herbivorous zooplankton. Among these 1987 Dokulil and Teubner 200Q Tsujimura et al. 2000
organisms, colonial algae are the main components of Oberholster et al. 2004 Ozawa et al. 2005 Yoshinaga
algal blooms. This aquatic system has two stable et al. 2006.

attractors, which can be identi“ed as a zooplankton- These cyanobacteria or blue-green algae usually form
dominated (ZD) state and an algal-dominated (AD) colonies or “laments. Microcystis exists as colonial
state, respectively. Assuming that the handling time of forms under natural circumstances, whilednabaena and
zooplankton on colonial algae increases with the colo- Oscillatoria exist as “lamentous forms. Moreover, some
nial algae biomass, we discovered that bistability can of these bloom-forming cyanobacteria produce toxic
occur within the model system. The applicability of materials, such as microcystins and anatoxins
alternative stable states in algae-grazer dynamics as gWatanabe et al.1996).

framework for explaining the algal blooms in real lake Mechanical interference and chemical toxicity are
ecosystems, thus, seems to depend on whether théwo major factors that induce inhibitory e ects on
assumption mentioned above is met in natural circum- zooplankton grazing (Fulton and Paerl 1987 Jakobsen

stances. and Tang 2002. For example, the colonial and “la-
mentous morphologies cause size mismatches that make

Keywords Bistability - Colony size- Defensive it di cult for small cladocerans to ingest these cyano-

morphology - Handling time - Selective feeding bacteria (Fulton and Paerl 1987). The enlargement also

causes the mechanical clogging of the “Itering apparatus
for large cladocerans (Fulton and Paerl1987. In addi-
Introduction tion, the grazing activities of zooplankton decline due to
algal toxicity (Watanabe et al.1996, and, consequently,
Algal blooms in aquatic ecosystems can pose a seriougeproduction and growth rates are reduced. The e ec-
environmental problem for human beings, livestock, and tiveness of mechanical and chemical factors seems to
wildlife. During the summertime, algal blooms occur in vary depending on the species of herbivorous zoo-
many lakes all around the world. The scum covering the plankton (Wilson et al. 200§. However, the inhibitory
e ects caused by these factors are broadly recognized by
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species-speci“‘c because the toxic materials, which areoncluded that the induced colony formation of Scene-

e ective on metazoan zooplankton, such as the cope- desmus is the result of reproduction processes and not
pod, the cladoceran, and the rotifer, cannot deter the due to the lumping of individual cells.

"agellate from grazing e ectively. It is also reported Recent theoretical work by Vos et al. 20049 has
that chemicals released fromDaphnia appeared inef- revealed that inducible defenses may greatly stabilize the
fective as colony-inducing agents inMicrocystis (Fulton interaction between algae and their grazers in bitrophic
and Paerl 1987 Hessen and van Donk1993. The facts and tritrophic food chains. Vos et al. (2004H also
that the "agellate Monas guttula e ectively feeds on showed how the proportion of defended algae in the
unicellular Microcystis aeruginosa and that grazing system gradually increases from 0 to 1, when the car-
activities by Monas guttula promote the morphological rying capacity is increased and the herbivore density is
change from the unicellular to the colonial form have consequently elevated as well. There was, thus, a com-
been con“‘rmed experimentally in our laboratory plete transition from undefended (unicellular) algae to
microcosms as well (unpublished data). defended (colonial) algae with enrichment, even though

Defensive morphologies are not restricted in the the model did not exhibit bistability. Despite this tran-
Microcystis species. Morphological changes have beensition, the overall density of algae in this model system
reported for many kinds of algae, such as the cyano- did not increase dramatically (no massive development
bacterium Phormidium (Fialkowska and Pajdak-Sts of algal biomass occurred). It is, therefore, interesting to
2002, the green algaeDesmodesmus and Scenedesmus — study when and how bistability can occur in a model of
(Hessen and van Donk1993 Lampert et al. 1994 von grazer-induced algal colony formation. It should be
Elert and Franck 1999 Lurling 20033 b; van Holthoon noted that a strong reduction in the amplitude of pop-
et al. 2003 Verschoor et al.20049, the prymnesiophyte ulation cycles (stabilization) has been con“rmed experi-
Phaeocystis (Jakobsen and Tang2002 Tang 2003, the mentally (Verschoor et al.2004b, but the experimental
desmid Staurastrum (Wiltshire et al. 2003, and so on. work on alternative stable states in algae-grazer systems
Even the reverse e ects of algal morphologies on zoo- has not been performed yet.
plankton morphologies are also reported for Daphnia Now, we are interested in algal blooms caused by
(Ghadouani and Pinel-Alloul 2002. Microcystis species, because Lake Sagami and Lake

Morphological changes are thought to be one of the Tsukui (Kanagawa Prefecture, Japan) have su ered
most important defensive strategies to protect these al-from these cyanobacteria every summer season since the
gae from grazing by herbivorous zooplankton. This 1970s. Microscopic photos reveal that the dominant
mechanism could be an adaptive reaction for survival species of algal blooms isMicrocystis, while Anabaena
that has developed through evolutionary processes (Ja-and Oscillatoria are also observed. The two photos in
kobsen and Tang2002 Tang 2003. The mechanism of Fig. 1 show a view of algal blooms in Lake Sagami and
phenotypic plasticity has given great advantages to thesea microscopic image ofMicrocystis, which is responsible
algae in an abundance of predation pressures. for algal blooms in these lakes.

Several kinds of mechanisms have been proposed for The subject of this article is modeling phenotypic
inducing defensive morphologies. Among them, the plasticity in colony formation that takes place within
most feasible one is that the chemical cue emitted byone species. For simplicity, we focus on the intraspeci“c
grazing activities of zooplankton triggers the morpho- defensive morphologies between unicelluladficrocystis
logical change of algae (Jakobsen and Tang002 Tang and colonial Microcystis. Our study is parallel to those
2003 Lurling 20033 b; van Holthoon et al. 2003. Re- by Vos et al. 20043 b). However, we originally assumed
cently, Yasumoto et al. 006§ identi“ed the chemical that the handling time of herbivorous zooplankton on
cue emitted during theScenedesmus-Daphnia interaction colonial algae varies depending on the colony size. The
as aliphatic sulfates. major di erence from the preceding studies is that the

Tang (2003 has reported that the grazing e ectis not system with size-dependent handling time can show bi-
species-speci‘c for the prymnesiophytePhacocystis, stability.
which is a di erent observation from that for Micro-
cystis (Burkert et al. 200% Yang et al. 2006. Phaeocystis
species respond to chemicals characteristic of ambientMethods
grazing activities in general. This non-species-speci‘c
response would allow lead time to activate the defenseHypotheses
mechanism for Phaeocystis, as the grazers selectively
feed on an alternative food source, if a more available We aim at modeling the fundamental structures of
one exists nearby (Tang2003. phenotypic plasticity or defensive morphologies of cya-

The increase in colonial or “lamentous algae should nobacteria induced by zooplankton predation. We
reduce the number of unicellular algae. However, restrict our model to the bitrophic system with unicel-
Lampert et al. (1994 claimed for Scenedesmus that the lular and colonial algae and herbivorous zooplankton.
colony-forming response can be evoked only in growing The in"uences of various kinds of nutrients are uni“ed
cells. Based on the fact that active growth is a pre- into a carrying capacity. We also assume that the rele-
condition for colony formation, Lu'rling (20033 b) vant zooplankton is not a kind of cladocerans as
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Fig. 1a, b Algal blooms in Lake
Sagami (September 2006). Lake
Sagami and Lake Tsukui are
located in Kanagawa
Prefecture, Japan. The two
lakes have su ered from algal
blooms every summer since the
1970s. The main component of
algal blooms is Microcystis,
while Anabaena and Oscillatoria
are also observed. Two photos
are a view of algal blooms in
Lake Sagami @) and a
microscopic image of
Microcystis (b). The colony in
(b) is about 500pum in diameter

Daphnia, but the protozoan "agellates asOchromonas, The variable ¢ represents time measured in days. We as-
which can assimilate Microcystis and induce morpho- sume that the local growths of both unicellular and
logical changes inMicrocystis according to the study by colonial algae follow the logistic equation with the same
Yang et al. (2006. maximum growth rate r. A parameter K is the carrying
We use a similar model to that developed by Vos capacity for the total algal biomass, which includes both
et al. (200443 b), with almost the same parameter values, unicellular and colonial algae. It is well known that the
while the representation is slightly changed. However, carrying capacity K is a ected by nutrient loading.
the e ect of the increase in the mean colony size is The e ciency of inducible morphological changes is
incorporated in our model because it could be more estimated by the parameterg and g (Vos et al. 20049.
di cult for zooplankton to ingest large colonies thanto  The parameter ¢ denotes the scaling constant for the
ingest small colonies. We assume that the colony size isnducible e ect and g denotes the half-saturation con-
distributed by the binomial form as a function of the stant for the same e ect. The selective feeding of zoo-
total number of cells that constitute the colonies. Con- plankton on unicellular and colonial algae constitutes
sidering that the number is proportionally related to the another important part of the model. These functional
biomass, the mean colony size is also in proportion to responses are described by the following parameterns;
the colonial algae biomass. In addition, we assume that and v, are the search rates of zooplankton on unicellular
the increase in the mean colony size causes the increasand colonial algae, /p is the handling time of zoo-
in the handling time of zooplankton on colonial algae. plankton on unicellular algae, i is the constant related
This size e ect is a key mechanism in our mathematical to the handling time of zooplankton on colonial algae,

model. and » is the assimilation coe cient of zooplankton on
algae.
As mentioned above, our assumption is that the
Mathematical model handling time of zooplankton on colonial algae is pro-

portionally related to the biomass of colonial algaeQ. In
The present mathematical model is a system of the fol- order to estimate the increasing rate of the handling time

lowing ordinary di erential equations: on colonial algae, a new parametek,, is introduced to
) ) the model. Therefore, the actual handling time of
d_P:rP<1_P+Q> e 4 pycY 0 zooplankton on colonial algae is represented as
de K 22+ ¢? 72 + g2 ho(1+ koQ), indicating that 4, and ko, are the key
_ vpP 7 — moP (1) parameters that describe the functional responses of
1+ vphpP + voho(1+ kpQ) 0 ’ zooplankton grazing on colonial algae. As for the other
do P+0O 72 P parameters,mp, mep, and my denote the mortahty rates
— = rQ<1— ) tes——5P—c——0 of unicellular algae, colonial algae, and herbivorous
dr X Zi+y Z°+y zooplankton, respectively
v ' ) .
— 0 Z —mpQ (2) The meanings and values of the parameters are listed
1+ vphpP + vohg (1 + kpQ)Q in Table 1, and all of the values except fork,, are taken
dz vpP + vpQ Z—myzZ 3) considering the preceding studies (DeAngelis et @989

Sche er 1998 Brookes and Ganf200% Vos et al. 20043
Sigee2005. Figure 2 is a schematic diagram that illus-
The three variablesP, Q, and Z denote the biomasses of trates the structure of morphological changes in the
unicellular algae, colonial algae, and herbivorous zoo- mathematical model (Egs. 1...3). The arrows indicate the
plankton, respectively. The unit of these variables is g/fh paths of morphological changes.

i~ "1 ophpP + voho (1 + k00) 0
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Table 1 Parameters and their typical values in the mathematical model (Egs. 1...3)

Parameters Meanings Values Units References

K Carrying capacity of the environment 5.0 g/m 10°

r Maximum growth rate of algae 1.0 day?! 0.3 0.5, 142, 0.21...0.750.4¢
¢ Scaling parameter for inducible e ect 1.0 day? 1.0°

g Half-saturation constant for inducible e ect 0.1 g/m?® 0.06"

vp Search rate on unicellular algae 0.5 Ay ‘day* 0.77

hp Handling time on unicellular algae 05 day 0.8

mp Mortality rate of unicellular algae 0.2 day? 0.13 0.1°, 0.14%'
vo Search rate on colonial algae 05 ﬁ)ﬂ/g’lday’1 0.7

ho Handling time on colonial algae atk,=0 0.5 da 1.04°

ko Increasing rate of handling time on colonial algae 0.565 %ﬁg f

g Mortality rate of colonial algae 0.2 day* 0.3 0.1°, 0.1¢
n Assimilation coe cient on algae 0.4 0.5% 0.36"

my Mortality rate of zooplankton 0.2 day ! 0.1% 0.1%8, 0.17

The values were determined referring to the following studie§DeAngelis et al. 1989 PSche er 1998 “Brookes and Ganf2001; @ Vos et al.
20043 ®Sigee2005 ‘assigned in this study. The actual handling time of zooplankton on colonial algae is represented/ag1+ k,0), where
Q is the biomass of colonial algae

value. In the case ofh,=2.5, on the other hand, both P
and Q continue to increase with K. Meanwhile, in all
cases, i.e.1p=0.5, 1.5, and 2.5, the biomass of zoo-
plankton Z seems to increase withK, although the
biomass in each case depends considerably on the value
of hy. As explained later, K,,=1.67 is referred to as the
transcritical point. On the other hand, K;=8.33 is re-
ferred to as the Hopf bifurcation point when /,=0.5,
and the system shows a limit cycle oscillation in the
region K> Ky.

P

Q

Bifurcation diagrams (ko # 0)

Fig. 2 Structure of morphological changes in the mathematical

model (Egs. 1...3). Therrows indicate the routes of morphological After the preliminary studies, we performed the inves-
changes. The change from the unicellular to the colonial type tigations of the cases in WhiCh’cQ # 0. In our model. the

dominates when the density of zooplankton is high, while, . . . .
otherwise, the change from the colonial to the unicellular type Nandling time on colonial algae is represented as

dominates. Besides, both types of algae show the logistic growth2o(1+ koQ), which means that it increases with the
independently biomass of colonial algaeQ at the increasing ratek,,.
Figure 4 shows the dependence of the bifurcation dia-
grams of Q on k, when /,=0.5. In the region K < K,,,

Results the behaviors of the system are the same as that when
ko=0, where K,.=1.67 is the transcritical point. How-

Bifurcation diagrams (k,=0) ever, various kinds of behaviors are observed in the re-
gion K> K,., which are mainly classi“ed into “ve types.

Prior to the full exploration of the mathematical model As shown in Fig. 4a, three types of monostability

(Egs. 1...3), it is useful to analyze the simpli“ed case withoccur corresponding to k,=0.0, 0.4, and 1.0. When
a constant handling time, i.e.,ky=0, which has already k,=0.0, the biomass of colonial algae Q is saturated
investigated by Vos et al. 20049. Figure 3 shows the soon with the increase in the carrying capacitk, as was
bifurcation diagrams of the biomasses of unicellular al- explained in Fig. 3b. Meanwhile, the biomassQ con-
gaeP, colonial algaeQ, and herbivorous zooplanktonZ tinues to increase without limit cycle oscillations when
as a function of the carrying capacityX. In each “gure, ky=1.0. According to our simulations, this type of
three bifurcation curves are drawn corresponding to monotonic increase is observed in a range df,>0.572.
ho=0.5, 1.5, and 2.5. The same parameter values are Moreover, within a range of 0< k,<0.508, the region of
used as those in Tablel, except for k. K in which the system converges to a stable equilibrium
As for the two cases,1,=0.5 and 1.5, the biomass of state consists of two branches. For example, when
unicellular algae P decays to zero rapidly with the in- k,=0.4, these are the ranges of 1.67<K <5.81 and
crease in the carrying capacityk, whereas the biomass of K > 8.21, with the system showing a limit cycle oscilla-
colonial algae Q increases asymptotically to a certain tion within an intermediate range of 5.81< K<8.21.
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i Fig. 4a, b Dependence of bifurcation diagram on increasing rate of
“le handling time on colonial algae in the mathematical model (Egs.
1...3). The actual handling time of zooplankton on colonial algae is
represented adi(1+ kpQ), wherek,, is the increasing rate of the
r=="""" handling time on colonial algae and/ is the handling time of
ha=0.5 zooplankton on colonial algae whenk,=0.0. In a, three types of
55 monostable behavior are shown. The biomasg is saturated when
g ? ho=1.5 kp=0.0, two branches appears whenk,=0.4, and Q increases
Né monotonically when k,=1.0. It should be noted that a limit cycle
oscillation occurs within 5.81 < K < 8.21 when ky,=0.4. Mean-
while, in b, two types of bistable behavior are shown. Bistability is
ho=25 restricted within 5.43< K < 5.95 whenk=0.53, while the typical
Q< sigmoid curve is observed wherk,=0.565 (see Fig.5). The solid
o T I e R i i o sttt i e iy lines represent the stable equilibrium states, while théroken lines
represent the unstable states
0 167 5.0 8.33 10.0
K lg/m?]

Fig. 3a—c Dependence of bifurcation diagrams on handling time On the other hand, two types of bistability are shown
on colonial algae in the mathematical model (Egs. 1...3). These argn Fig. 4b. In both cases, stable equilibrium regions are
t(E;s bif“écah“og diagrams of U|”i0k8”“'ar a'(gs"‘ep @, ?O'O”ia' a'gfaer? divided into two branches. Whenk,=0.53, considering
, and herbivorous zooplankton Z (c) as a function of the . . '
carrying capacity K. The handling time of zooplankton on colonial that the system is unstable in the range_ ok >5.95 on
algae hy is constant (,=0). K,=1.67 shows the transcritical the lower branch, the stable region consists of two parts,
point. Only unicellular algae exists in the regionk < K,., whereas i.e., the region 1.67<K < 5.95 on the lower branch and
colonial algae and zooplankton exist in the regionk> K,.. The the region K > 5.43 on the upper stable branch. Bista-

bifurcation diagrams strongly depend on the parameter,. In the s P ;
case ofh,< nimy (nlm,=2.0), P approaches zero with the increase bility occurs at least within the region 5.43< K < 5.95.

in K, while Q is saturated. K;=8.33 shows the Hopf bifurcation l\/_lean\{v_hile,_ the case Qf kQ:Q-565 shows a typical
point when /,=0.5, above which a limit cycle oscillation occurs. ~bistability with a folded bifurcation curve. In summary,
Meanwhile, in the case thQ> nlmz, both P and Q continue to  gg the parametele moves from 0 to 1, the behaviors of

increase withK. The parameter values in Tablel are used, except i
for ko. The solid lines represent the stable equilibrium states, while g:;;ﬁﬁfti/ n;ﬁgOgvrgtg:Eri\dtléarlncohnaons%ggirl(i)tg] monostability to

the broken lines represent the unstable states
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Figure 5 shows the bifurcation diagrams of three
variables P, Q, and Z, i.e., the biomasses of unicellular
algae, colonial algae, and herbivorous zooplankton, as a
function of the carrying capacity K. The increasing rate
of the handling time of zooplankton on colonial algae is
set ask,=0.565, and the other parameter values are as
given in Table 1. The sigmoid curves characteristic of
bistability are observed in a range of 4.7X K < 6.63. In
the shift from the lower branch to the upper branch, the
biomasses of both unicellular algae” and colonial algae
Q increase, while the biomass of herbivorous zoo-
plankton Z decreases.

On the basis of these observations, we refer to the
branch 1.67< K < 6.63 (,=0.565) as a zooplankton-
dominated (ZD) state, and the branch K> 4.72
(ko=0.565) as an algal-dominated (AD) state. Within
the ZD branch, the biomasses of colonial algag? and
zooplankton Z increase with the carrying capacityk,
while the biomass of unicellular algae P decreases.
Meanwhile, within the AD branch, both P and Q in-
crease withK, while Z decreases.

Basins

We further conducted the stability analyses using the
parameter values given in Tablel. There are four “xed
points under the condition where the biomasses of three
organisms are all positive or 0, i.e.,P >0, Q 20, and
Z > 0. Stability analyses show that two are stable and
the other two are unstable among four “xed points. As

summarized in Table2, the system in Egs. 1...3 has two

saddle points Fy, F», and two attractors Fy, Fa.

As de“ned above, the stable attractorF; corresponds
to the ZD state, while the other stable attractor F3
corresponds to the AD state. As for the saddle pointsF,
is an unstable saddle point responsible for bistability. On
the other hand, only unicellular algae exist atFy, where
both unicellular algae and zooplankton are extinct. The
unstable saddle point Fy is changed to the stable
attractor within the range of K < K. (K,.=1.67), which
is continuously connected with the ZD branch, as typi-
cally shown in Fig. 5.

The basins of attractors F; and F3 are exhibited in
Fig. 6, with O and P “xed at the values atF, in parts a

—~ 12
E
=2
0.0
1.67 4.72 6.63 10.0
Klgim?]
6.0
= 30
Ot
=2
0.0
1.67 4.72 6.63 10.0
Klgim?]
2.4
=12
NE
=2

0.0

Fig. 5a—c Typical bistability observed in the mathematical model

1.67 4.72 6.63 10.0
Klg/m?]

(Egs. 1...3). These are the bifurcation diagrams of unicellular algae

and b, reSpeCt'Ver The I‘ea| baS'nS are |nVOIVed W|th|n aP (a)’ colonial a|gae Q (b)’ and herbivorous Zoop|ankton Z (C)
three-dimensional phase space, and the separatrices arwhen k,=0.565. Under the conditions given in Table 1, the
two-dimensional curved surfaces dividing these basins.sigmoid curve characteristic of bistability is observed in a range of

Therefore, precisely speaking, these “gures are the sec
tions of basins. The unstable saddle poin¥, lies on the

separatrix.

One of the characteristic features in Fig6 is that the
distribution of basins depends mainly on the initial value
of Z. This observation implies that the behaviors of the
system are almost independent of the initial value oP

4.72< K <6.63. There exist two branches referred to as a
zooplankton-dominated (ZD) branch (1.67< K <6.63) and an
algal-dominated (AD) branch (K > 4.72) in each diagram. As the
system shifts from the ZD state to the AD state, the biomasses of
both unicellular and colonial algae increase. Meanwhile, the
biomass of zooplankton decreases during the same shift, while it
shows a rapid growth with the carrying capacityK within the ZD
branch. Thesolid lines represent the stable equilibrium states, while
the broken lines represent the unstable states
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Table 2 Properties of the four “xed points in the mathematical model (Egs. 1...3)

(P, 0, Z) (gim®) Eigenvalues Stability Fixed point State
Fo (4.0, 0.0, 0.0) 0.2-0.8,-1.0 Unstable Saddle point
Fy (0.011, 2.489, 1.5) —0.016,-0.2, —0.999 Stable Attractor ZD
F> (0.019, 2.915, 1.252) 0.00650.367,—0.998 Unstable Saddle point
F3 (0.147, 3.519, 0.49) —0.012,-0.656,—0.985 Stable Attractor AD

The parameter values in Tablel were used for the calculation of stability analyses. If the real parts of eigenvalues are all negative, the
corresponding “xed point is stable; otherwise, it is unstable. In this casé& and F, are two unstable saddle points, whilg"; and F; are two
stable attractors. Considering large values of both unicellulaP and colonial algae biomasg at F3, this attractor is identi“ed as an algal-
dominated (AD) state. On the other hand, the value of zooplankton biomas« is comparatively large atF;, indicating that this attractor
corresponds to a zooplankton-dominated (ZD) state

0 0.2 03 0 3.0 6.0
P [g/m?] Qlg/m?]

Fig. 6a, b Sections of basins of two attractors in the mathematical determined by the biomass of zooplankton Z. Unless Q is
model (Egs. 1...3). Thehite regions represent the basins of the ZD su ciently small ( Q < 1.0), the convergence to the ZD stateF;
state F1, while the gray regions represent those of the AD stateF;. occurs when the value of Z lies on the intermediate range
In a and b, the initial values of colonial algae Q0 and unicellular (1.2< Z < 2.2), while, otherwise, the convergence to the AD state
algae P are “xed at the values atF,, respectively. The striking Fs occurs. The unstable “xed pointF, lies on the separatrix
feature is that the “nal state in the bistable region is mainly

or Q, except for the case in which the biomasg is small 3. A limit cycle oscillation is created mainly by colonial
(Q £ 1.0). The system converges to the ZD stat&; when algae and zooplankton.
the biomass Z lies on the intermediate range

1.2< Z £ 2.2), while, otherwise, it converges to the AD .. .
( ) 9 Here, we denote the transcritical point ask,., where

state Fs. ; -
3 two regions (1) and (2) are separated. Thenk,. is de-
scribed as follows:
r myz
K, = 4
Discussion - mp Up(l’] — mth) ( )

In Fig. 3, the transcritical point K,.=1.67. Within the
region K < K,.,, only unicellular algae can survive.
Therefore, the biomasses of unicellular alga®, colonial
algae Q, and herbivorous zooplankton Z in an equilib-
rium state are given as follows:

Bifurcation diagrams with constant handling time
(ko=0)

According to the study of the bitrophic food chain
model by Vos et al. 0043, three qualitatively di erent
behaviors occur in the following order as the carrying p_r—mp

capacity is increased: — K 0=02=0 (5)

1. Only unicellular algae exist. In the case ofK> K,., the behaviors of the system de-

2. Three components, unicellular algae, colonial algae, pend on the value ofhg. When ho< nlmy (n/mz=2.0 in
and herbivorous zooplankton, coexist in a stable our model), such ag1p,=0.5and 1.5in Fig. 3, the biomass
equilibrium. Coexisting species are mainly colonial p decays to zero rapidly, while the biomasg approaches
algae and zooplankton, because unicellular algae arethe following value with the increase in the carrying
almost extinct. capacity K:
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mz (6) Bontes et al. 007 have performed the experiment
on the freshwater unionid bivalve Anodonta anatina

o feeding on a green alga and four strains of cyanobac-
The limit values 0=1.33 (/,=0.5) and 4.0 (ho=1.5), teria, and found that colonial Microcystis shows the

respectively. ) ) ) short handling time. They supposed that the reason for

In the case of/ip< n/mz, the Hopf bifurcation point  this is that these colonies are easily retained and disin-

Ky that divides two regions (2) and (3) is de“ned as tegrated on the gills of bivalves. On the other hand, they

limo=— "2
R g

follows (Fussmann et al.2000: also found that the long handling time is observed for
“lamentous Planktothrix agardhii, due to clogging of the
ro1 2my 1 siphon. Considering that not zooplankton but bivalves

Kn = PRI, (1 — mzhg) +h_ (7) are used as predators in the experiment by Bontes et al.
obo \\n—mzho Y (2007, the result for colonial Microcystis could be an

Then, within the region K,.< K < K}, colonial algae and exception and the result for “lamentous Planktothrix
zooplankton can coexist in a stable equilibrium, while in €ould be a general case. The mechanism such as the
K> Kj;, a limit cycle oscillation occurs. As shown in increase in the han_dh_n_g time related to the size of food
Fig. 3, the Hopf bifurcation point K,;=8.33 when particles may be limiting to the food uptake (Bontes
hy=0.5. et al. 2007). It is, thus, likely that the handling time in-
These results inky< n/m, are consistent with those creases with the biomass of colonial algae in the case of

by Vos et al. 20043, which are summarized in behay- Zooplankton grazing on colonial algae.

iors (1), (2), and (3). However, when it comes tdi,> 5/

mz, the system shows quite dierent behaviors. As . . . ) .
shown in the case of1,=2.5 in Fig. 3, the biomasses of Bifurcation diagrams with variable handling
both unicellular algae P and colonial algaeQ continue to  time (ko # 0)

increase with the carrying capacityk without extinction

of unicellular algae. The ratio of two valuesP/Q con- Dieérent from the preceding studies by Vos etal.
verges to the following value: (20043 b), our model with the variable handling time

shows bistability. Considering that the only di erence is

P vo (1 — mzhy) the way to deal with the handling time on colonial algae,

lim = = (8) and that almost the same parameter values are used, we
K=o Q vp(nn — mzhp) can conclude that the occurrence of bistability is due to
The value of the ratio is 0.33 when,=2.5. the introduction of the variable handling time. The
bifurcation diagram in Fig. 5b shows that the biomass
of colonial algae Q varies from 0 g/nT to about 6 g/m®
o ) ) in a range of 0< K < 10.0 whenky=0.565. Therefore,
Handling time that varies depending we can analyze that the handling time varies from
on colonial algae biomass 0.5 days to about 3.9 days within the same range of.

o ] These values of the handling time seem to be within a
The most characteristic feature of our model is the realistic range Considering that it is not easy for zoo-

intrOdUCtipn of the _Variable_handling time. We assume p|ankt0n as the protozoan "age“ates to deal with |arge_
that the increase in the biomass of colonial alga&) sjzed colonial algae.
causes the increase in the handling time of herbivorous  \we must admit that the behavior of the system is
zooplankton. This size e ect is a key mechanism in the sensitive to the value ofk,. It is certain that typical
current mathematical model. Our assumption is based pjstability is observed in a short range ofk,, where the
on the following grounds: system reaches the stable states in whole ranges of both
1. The number of cells that constitute a colony ofMi- the Io_vver ZD and the upper AD branches, as is the case
crocystis increases with the colony volume (Joung " kp=0.565 in Fig. 5. It mlght be more general that'the
et al. 2006. Therefore, the total number of cells that SYStem becomes unstable in some range ko, especially

constitute colonies also increases with the overallin the lower ZD branch, as is the case inky=0.53 in
biomass of colonial algae. Fig. 4b. However, it should be noted that a sudden in-

2. Assuming the binomial distribution of the colony Créase in the colonial algae biomas® is expected in
size, the mean colony size is in proportion to the total these cases, as the carrying capacify is increased.
cell number.

3. The handling time of zooplankton on colonial algae ;
increases with the mean colony size. Tradeo between costs and bene'ts

It seems that no experiment has been conducted yetColony formation produces a lot of bene“ts for algae.
to assure assumption (3), i.e., the correlation betweenFrom the evolutionary point of view, some kinds of cost
the handling time of zooplankton on colonial algae and should be paid for the bene“t acquired by the avoidance
their mean colony size. of zooplankton grazing (Jakobsen and Tang2002 Tang
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Fig. 7a—c Temporal change of the spatial distribution of colonial
algae in the mathematical model (Egs. 1...3). The system shows
limit cycle oscillation for a certain set of parameter values (see
Fig. 4a, kp=0.4). In this case, the addition of di usion terms to
Egs. 1...3 often causes the chaotic pattern formation in the alga

2003 Lurling 20033 b; van Holthoon et al. 2003.
Lu'rling (20033 b) claimed that the cost is sinking for the
green algaeDesmodesmus and Scenedesmus. Upper wa-
ter layers in lakes are in good conditions to support the
algal growth because of the abundant light and high
water temperature. Sinking to the bottom out of the
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distribution. As shown in a series of snapshots, the initially created
spiral breaks up over the course of time, “nally reaching the
disturbed heterogeneous distribution.a =0 (days). b =320
(days).c =640 (days)

I

of the variable Q and Z are represented alike. The unit
of P, 0, and Z is changed from g/n? to g/m?, due to the
adoption of the two-dimensional reaction-di usion
equations.

The parameters were chosen within a range in which
a limit cycle oscillation occurs. For example, K=7.0,

eutrophic zone loses great advantages. Disadvantage%,=0.4 (see Fig. 4a), and other parameter values are the
caused by sinking are the costs to compensate the escapsame as those in Tabld. The equal di usion coe cients

from predators for Desmodesmus and Scenedesmus.
However, it does not seem true for cyanobacteria that
sinking is the cost, since they are "ourishing on the water
surface.

Vos et al. 20043 b) include the cost into the model
as a dierence between the mortality rates. In their
model, the mortality rate of defended (colonial) algae is
larger than that of undefended (unicellular) algae, as
shown in Table 1. In our model, as the mortality rates of
two types of algae are the same, no cost is included.
However, we can con“rm that our model shows no

essential change if the cost is included as a di erence of

mortality rates.

Spatial distribution of colonial cyanobacteria
in algal blooms

According to Petrovskii et al. (2004, spatiotemporal
chaos can prevent species extinction and resolve th
paradox of enrichment. Therefore, the heterogeneity of
the algal spatial distribution can not be neglected in real
lake ecosystems. The reaction-di usion equations are
provided by adding a di usion term to each equation of
the model (Egs. 1...3).

A reaction-di usion equation of the variable P is
represented as follows:

oP 0’°P  0°P
—=D|—+—)+...
ot ox2  9y?

where x and y are the coordinates of the position mea-
sured in meters, and the constanD denotes the lateral
di usivity, whose unit is m?day. The reaction terms,
which are exactly the same as the right side of Eq. 1, are
omitted in Eqg. 9. Two other reaction-di usion equations

(9)

e

D=1.0 m %day are used for three organisms?, Q, and
Z. The initial distribution of unicellular algae P, colonial
algae Q, and herbivorous zooplankton Z are given by
the following equations:

P(x7 Vs O):PZ

O(x, ¥, 0) = 0 (1—|— 0.5 Sin%x)
Z(x, y, 0) = Z>(1+ 0.5sinZ y)

(10)

Here, the three valuesP,, Q,, and Z, denote the bio-
masses of unicellular algae, colonial algae, and herbiv-
orous zooplankton, respectively, at the unstable saddle
point F,. The domain is a square, and a half of its side
L£=100 m.

It is well known that the addition of di usion terms
to the ordinary di erential equation system in a limit
cycle oscillation often drives chaotic pattern formation
(Medvinsky et al. 2002. Figure 7 shows the temporal
change of the spatial distribution of colonial algae bio-
mass Q. The initially created spiral breaks up by the
di usive e ects, and, “nally, an inhomogeneous chaotic
pattern is created.

Vos et al. 20043 b) have revealed that inducible
defenses stabilize the population dynamics of the eco-
system with undefended (unicellular) algae, defended
(colonial) algae, and their grazer herbivorous zoo-
plankton, avoiding extinction by the population "uctu-
ation with large amplitude. In addition, we claim that
the spatial heterogeneity of algal biomass could also
contribute to the avoidance of extinction.

Conclusions

In this paper, we have analyzed the aquatic ecosystem
with three components, unicellular algae, colonial algae,
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selective feeding of zooplankton on unicellular algae are medvinsky AB, Petrovskii SV, Tikhonova IA, Malchow H, Li B-L
taken into account. Assuming that the handling time of (2002) Spatiotemporal complexity of plankton and “sh
zooplankton on colonial algae increases with the colo- _ dynamics. SIAM Rev 44:311...370

: ; « : i Oberholster PJ, Botha A-M, Grobbelaar JU (2004) Microcystis
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