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Summary

The prediction and management of ecosystem responses to global environmental change would
profit from a clearer understanding of the mechanisms determining the structure and dynam-
ics of ecological communities. The analytic theory presented here develops a causally closed
picture for the mechanisms controlling community and population size structure, in particular
community size spectra, and their dynamic responses to perturbations, with emphasis on ma-
rine ecosystems. Important implications are summarised in non-technical form. These include
the identification of three different responses of community size spectra to size-specific pressures
(of which one is the classical trophic cascade), an explanation for the observed slow recovery
of fish communities from exploitation, and clarification of the mechanism controlling predation
mortality rates. The theory builds on a community model that describes trophic interactions
among size-structured populations, and explicitly represents the full life cycles of species. An
approximate time-dependent analytic solution of the model is obtained by coarse-graining over
maturation body sizes to obtain a simple description of the steady state, linearising near the
steady state, and then eliminating intraspecific size structure by means of the quasi-neutral
approximation. The result is a convolution equation for trophic interactions among species of
different maturation body sizes, which is solved analytically using a novel technique based on a
multi-scale expansion.

Keywords: Analytic theory, community ecology, fisheries management, global change, pelagic,
size spectrum, size structure.

I Introduction

I.A Orientation on a changing planet

We have entered a period of rapid, global environmental change, in which anthropogenic climate
change is but one important factor (Solomon et al., 2007), which is complicated by additional
drivers such as elevated nutrient discharge and the direct impacts of overexploitation on natural
resources (Millennium Ecosystem Assessment, 2005). The planet’s ecosystems may never before
have experienced this type of environmental change. Knowing how they will respond could help
us prepare for and, if possible, manage the consequences of these developments (Woodward et al.,
2010a).

Experimental and comparative methods, the dominant modes of scientific enquiries in ecolog-
ical research, have obvious limitations when addressing scenarios of unprecedented environmental
change at global or even regional scales. The relevant temporal and spacial scales are often too
large to conduct experiments, and the data required for direct comparative analyses is often
simply not yet available.

The natural response, therefore, is to resort to models. These models can, for example, be
(i) experimental systems such as microcosms (Reiss et al., 2010) or mesocosms (Yvon-Durocher
et al., 2011), (ii) statistical models to extrapolate ecological data to the environmental conditions
expected in future, (iii) numerical models aimed at simulating the relevant aspects of future
scenarios directly, or (iv) analytic models that seek to isolate the implications of general ecological
and biological principles that are sufficiently fundamental not to be overruled by global change.
Common to any such modelling is the expectation that some aspect of the scenarios one seeks to
predict are sufficiently insensitive to ecological detail that such detail needs not be reproduced
in the models (Rossberg, 2007). These robust aspects are those one can be predicted, for which
one can prepare, and which one might attempt to manage. Those aspects of future system states
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that do depend on many details, on the other hand, might simply be beyond control. Common
to all modelling is the problem of knowing which aspects of future system states can be predicted
and which system details are relevant for this.

A common approach to identifying aspects of complex systems amenable to modelling is to
search for coherent patterns in data. Obviously, if clear patterns arise similarly in data from
different systems, the mechanisms generating these patterns are unlikely to depend on many
details. It is therefore natural for research addressing the large-scale ecological impacts of global
change to concentrate on the major known macroecological patterns. The patterns at the focus
of the present work are those found in the distributions of the biomasses of individuals or species
over wide ranges in body size. The first step, before addressing specific problems in the face
of global change, is to ask which ecological details are important for generating these patterns
in reality and what the underlying mechanisms are; these will be the details that any type of
model, e.g., (i)-(iv) above, would need to capture to be reliable. Answering these questions is
the central aim of the present work.

Technically, this is done by deriving an approximate analytic solution of a detailed community
model. In doing so, determining which approximations are feasible without much affecting the
predicted body-size distributions means understanding which ecological details are unimportant
for the outcome. The resulting, approximate descriptions of community structure and dynamics
encapsulate the mechanisms by which those details that do matter bring about the dominating
patterns and their responses to pressures. Therefore, judiciously-applied approximations, rather
than meaning loss of information actually reveal what is important. This is why the route
along which the approximate solution of the community model is derived is as important as the
outcome. The step-by-step derivation therefore forms the main body of this paper.

I.B Size spectra

Much of the early empirical and theoretical work on size distributions related to plant commu-
nities (see Koyama and Kira, 1956). Regularities in size spectra have now been investigated,
e.g. for benthic communities (Gerlach et al., 1985; Duplisea, 2000), terrestrial soil (Mulder et al.,
2008; Reuman et al., 2008; Mulder and Elser, 2009), and birds (Thibault et al., 2011). The most
striking form of the phenomenon, however, is found in pelagic communities. Sheldon et al. (1972)
suggested, based on measurements and literature data, that pelagic biomass is approximately
evenly distributed over the logarithmic body-size axis “from bacteria to whales”, spanning up to
20 orders of magnitude in body mass. The core of this conclusion has remained unchallenged,
although intensive human harvesting makes its validation for the largest size classes difficult
(Sheldon et al., 1977; Gaedke, 1992b; Jennings and Blanchard, 2004). Over shorter size ranges,
similar phenomena are observed for benthic communities (Gerlach et al., 1985; Duplisea, 2000)
or in terrestrial soil ecosystems (Mulder et al., 2008; Reuman et al., 2008; Mulder and Elser,
2009; Mulder et al., 2011).

The work of Sheldon et al. (1972) drew attention to the usefulness of characterising community
structure through size spectra. In the form they used size structure is represented irrespective of
species identity, trophic level, or life-history stage. In a common, though by no means exclusive,
protocol to determine size spectra in aquatic communities, individuals are assigned to logarithmic
size classes by carbon content, e.g. ..., 1−2 pgC, 2−4 pgC, ... using various optical and mechanical
techniques. The density of biomass in each size class is then determined, for example, as a value
averaged over a full year and a specific range of the water column.

Subsequent investigations revealed deviations from the hypothesis formulated by Sheldon
et al. (1972) in the detail (Kerr and Dickie, 2001). As illustrated in Fig. 1, one often finds
approximate power-law relationships between abundance and body mass as the basic pattern,
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Figure 1: Five typical planktonic size spectra. Triangles represent data for the highly eutrophic
lake Müggelsee averaged over three years, after Gaedke et al. (2004); stairs represent a seasonal
average for Überlingersee, a division of the meso-eutrophic Lake Constance (Bodensee), after
Gaedke (1992b), including an estimate for the contribution by fish (shaded area); crosses repre-
sent yearly averages for Lake Ontario, after Sprules and Goyke (1994), using a nominal depth
of 50m to convert to volume density; circles with 1SD error bars represent the oligotrophic wa-
ters of the North Pacific Central Gyre averaged over three years of sampling by Rodriguez and
Mullin (1986a), where measurements are compatible with a perfect power law; squares represent
the oligotrophic open waters at a station near the Yakutat Seamount in the Northwest Atlantic,
after Quiñones et al. (2003). For further examples, see Boudreau and Dickie (1992), among
many others. The density of biomass along the logarithmic size axis dB/d lnm was estimated
from the published data as Bimi/(∆mi), where Bi is the biomass of individuals in body-mass
interval i (actually, their biomass per unit volume), mi the midpoint of this body-mass interval
on a logarithmic axis, and ∆mi is the linear width of the interval. This representation combines
the advantage of Sheldon size spectra (Sheldon et al., 1972) of visualising structural details with
the advantage of high intercomparability between empirical datasets (often highlighted for nor-
malised spectra Bi/∆mi), because Bimi/(∆mi) approximates the protocol-independent quantity
dB/d lnm up to a relative error declining as fast as (∆mi/mi)

2 for small ∆mi/mi. Axes are
isometric, to ease visual appreciation of the varying degrees of uniformity of the spectra.
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i.e. straight lines on double-logarithmic plots, with “slopes” (actually exponents) close to but
different from the one corresponding to the Sheldon hypothesis (which is -2, -1, or 0, depending
on the specific choices of dependent and independent variables; see Blanco et al. 1994). On top
of this, size spectra often deviate from power laws by exhibiting several maxima (or “domes”)
spaced more or less evenly along the logarithmic body-size axis (see, e.g., Fig. 1, or Kerr and
Dickie, 2001 ).

The idea that the size distribution of individuals can indicate the “health” of an ecological
community (e.g. Sheldon et al., 1977; Kerr and Dickie, 2001; Jennings and Blanchard, 2004; Rice
et al., 2011; Castle et al., 2011) has recently been inscribed in legal documents. Arguably the
simplest way of characterising a size distribution is to compare the relative proportions of biomass
in two wide body-size classes. In a series of reports, reviewed by Greenstreet et al. (2011), the
International Council for the Exploration of the Sea developed, as an indicator for community
state, the Large Fish Indicator (LFI), defined as the proportion among all fish in a community
of individuals longer than a given length threshold. The Convention for the Protection of the
Marine Environment of the North-East Atlantic proposed the LFI as a means to set an Ecological
Quality Objective (OSPAR, 2006). EU legislation (European Commission, 2010) includes the
LFI in a list of “Criteria to be used by the Member States to assess the extent to which good
environmental status is being achieved”. Among the important open issues in this context is,
e.g., the question of how fast the LFI will return to natural levels when fishing pressure is relaxed
(OSPAR, 2006). Predictions appear to depend sensitively on the way communities are modelled
(ICES, 2010; Shephard et al., 2012), and observed recovery is slower than was previously thought
(Fung et al., 2012a). A better understanding of the underlying fundamental processes is thus
required.

In view of such current, practical questions regarding marine size spectra and their dynam-
ics in response to anthropogenic pressures, the theory presented here is phrased with reference
to marine communities and their perturbations by fishing (Möllmann and Dieckmann, this is-
sue). However, it should apply similarly to other cases of size-structured communities, e.g. soil
ecosystems, and partially also to communities of competing plants.

I.C Mathematical size-spectrum models

As its starting point, any mathematical modelling requires a basic formal description of the sys-
tem. This should be sufficiently detailed to contain or imply descriptions of the main phenomena
of interest. Deciding how much detail one needs to start with is often a matter of trial and error.
Typically one will start with very simple basic descriptions, and add model ingredients only upon
the suspicion that this might lead to different conclusions. However, the implications of these
more complete models can easily become difficult to understand. In particular, the application
of formal analytic tools may become impossible. The history of the theory of community size
spectra is no exception.

The earliest models developed to understand size spectra distinguished species by their trophic
levels and considered the balance of energy flow through food chains (Kerr, 1974; Sheldon et al.,
1977). Later theories, however, tended to follow the empirically successful paradigm of simplify-
ing the description of community structure by disregarding species identity. This led to models
in which individuals enter the community at a fixed lower cut-off size at constant rate, grow, con-
sume other individuals, and eventually die through predation, fishing, or other causes (e.g. Platt
and Denman, 1978; Silvert and Platt, 1978, 1980; Zhou and Huntley, 1997; Camacho and Solé,
2001; Benôıt and Rochet, 2004; Blanchard et al., 2009; Law et al., 2009; Datta et al., 2010). In
reality, the growth of individuals slows when they reach maturation, at a size dependent on their
species identity, after which a large proportion of food intake is invested into reproductive efforts.
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To take interspecific variability in life histories into account, recent size-spectrum models often
go back to distinguishing individuals by species (Hall et al., 2006) or maturation size class (An-
dersen and Beyer, 2006). To overcome another limitation of earlier theories, Arino et al. (2004)
and Maury et al. (2007a,b) made the production of offspring dependent on available resources.
Models such as those of Andersen and Ursin (1977), Shin and Cury (2004), Pope et al. (2006)
and Hartvig et al. (2011) combine these lines of thought by resolving individuals by both body
size (or age) and species, and accounting for the full life cycle of each species separately. The
complexity of these models, however, renders their mathematical analysis challenging (Hartvig
et al., 2011).

The model analysed here was developed by Hartvig et al. (2011), building on the ideas of
Andersen and Beyer (2006). The structure of the model is illustrated in Fig. 2: populations
of different species (not necessarily fish) are coupled through feeding interactions. Some of the
energy intake by feeding is used to cover maintenance costs, the rest invested into growth. After
body mass reaches a maturation threshold, which depends on the species, increasingly larger
proportions of surplus energy are invested into reproduction, so that growth ultimately comes to
a halt. Fecundity therefore depends on food availability, but not on the density of reproducing
adults, as some models in fisheries science assume. Feeding interactions are particularly strong for
predator individuals that are by a certain factor larger than their prey, but interaction strengths
may in addition depend on species identities. Predation is the dominating cause of mortality.
Each of these model components is represented by fairly simple submodels designed to keep
the number of model parameters low. Where applicable, the size-dependence of biological and
ecological rates is represented through allometric scaling laws. For a mathematical description
of the model, see Sec. IV below.

The model of Hartvig et al. (2011) represents, in simplified form, processes operating on a
number of different levels of organisation: the short-term energy balance of individuals, the full
life cycle including growth, maturation and reproduction, the dynamics of intraspecific population
structures, population dynamics driven by trophic interactions, and the resulting structure and
dynamics of the community as a whole. The model is complete in that it contains, except for
the energy input at the bottom of the food chain, no “loose ends”; the balance of biologically
available energy within the system and the balance of individuals within each population are
fully accounted for.

I.D Approximations

Legitimate approximations of community models, here those that do not much affect predicted
structure and dynamics of the size spectrum, inform one of the details of community dynamics
of which the size spectrum is largely independent. The approximation techniques used here will
be discussed in detail when they are applied in the formal analysis. The following provides a
non-technical overview.

The basic structure of the mathematical analysis follows from a standard technique used
throughout the scientific literature: system dynamics is considered in a linearised form valid for
small deviations from an equilibrium state. As a result, the analysis technically separates into
three steps: (i) the derivation of the equilibrium state; (ii) linearization of system dynamics near
this equilibrium state; (iii) evaluation of this linearised description. Of course, approximations
employed in one of the earlier steps remain in place at the later steps. The premise implied when
applying this technique is that, although there will be corrections to system dynamics through
non-linear effects, its semi-quantitative nature is captured already at the linear level. Whether
this is indeed the case is not analysed here, although preliminary comparisons of results with
empirical data such as in Fig. 1 are encouraging. What will be discussed in Sec. IX.F is the
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Figure 2: Schematic illustration of the model structure. Shown are three populations of species
with different maturation body sizes that feed on and are fed on by other species and themselves.
Dashed lines indicate growth of individuals, dotted lines reproduction, and thick arrows feeding
interactions.

question of whether the linearization is self-consistent in the sense that small deviations from
equilibrium remain small in the future (and eventually die out).

An approximate analytic description of the model’s equilibrium state becomes possible mainly
by combining two standard techniques: coarse graining (Perry and Enright, 2006) along the mat-
uration body size axis, and mean-field approximation (Keitt, 1997; Wilson et al., 2003) of trophic
interaction strengths. As explained in Sec. V.A, these two approximations combined lead to a
picture in which species are distinguished only by their characteristic size, e.g. maturation body
size, and individuals by body size and maturation size, where the community is described by
a continuum of species of different maturation sizes, and where trophic interaction strengths
depend only on the body sizes of predator and prey individuals. The validity of these approxi-
mations supports studies of model systems that focus on the body sizes of species and individuals
(Belgrano and Reiss, 2011). Although formal derivation of these approximations for the present
model is conceivable, their justification here comes only from their frequent successful applica-
tion in other contexts. One must therefore be mindful of possible artefacts. Indeed, as discussed
in Secs. II.H and VI.D, while the intricacies of real community food webs appear negligible for
size-spectrum dynamics, the stabilising effect resulting from their structure with distinct species
linked through a sparse network of feeding interactions cannot be ignored entirely.

Even with these two approximations, the direct mathematical analysis of linearised system
dynamics would still be challenging. To simplify the problem further, the Quasi-Neutral Ap-
proximation (QNA; Rossberg and Farnsworth 2011, 2011) of population dynamics is employed.
The QNA assumes that variations through time in density-dependent life-history parameters,
and the resulting modifications of intraspecific population structures, are rather small. Common
mathematical techniques exploiting small parameters can then be applied. These allows direct
calculation of the effective growth (or decay) rates of entire populations, which result from in-
teractions between individuals of different populations at different life stages, without having
to take the changes in population structures involved in these processes explicitly into account.
When the QNA is valid, it justifies the use of community models that do not resolve different life
stages within populations. The common concern that broad intraspecific size structure compli-
cates community dynamics (Gilljam et al., 2011) should therefore not lead to outright dismissal
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of such models.
A last step required to bring linearised community dynamics into a form simple enough to

derive analytic time-dependent solutions is to recognise that, when the offspring of a species are
much smaller than the adults, the actual body size has little influence on dynamics under the
approximations used here. Offspring may just as well be considered “infinitely small”. The re-
sulting, highly simplified description of community dynamics is called the Species Size-Spectrum
Model. The approximation is verified by performing QNA and model linearization initially in a
formulation where offspring size does depend on maturation body size, and carefully analysing
the implications of letting the ratio of offspring to adult size go to zero. Incompatibility of uni-
cellular organisms with this condition is one of the reasons why microcosm experiments using
such taxa (Reiss et al., 2010) are unsuitable for modelling marine size spectra.

An approximate analytic description of the response of the Species Size-Spectrum Model to
external pressures (e.g. fishing) is then derived using a novel technique, related to a singular
perturbation expansion (Kevorkian and Cole, 1996) of special solutions of the model. These
special solutions correspond to trophic cascades and the bending of size spectra described in
Sec. II below. The validity of the approximation (verified numerically) highlights the centrality
of these phenomena for community dynamics.

This analytic theory for size spectrum structure and dynamics is complete to the degree that
the underlying model of Hartvig et al. (2011) is complete. It explicitly specifies conditions for
jointly attaining and maintaining equilibrium of all essential feedback loops that link individual
physiology with community structure. These are the metabolic equilibrium of individuals, the
demographic equilibrium of population structures, population-dynamical equilibrium, and the
ecological balance of community size-spectra.

I.E Structure of the paper

After briefly reviewing relevant mathematical methods (Sec. III) and providing a formal descrip-
tion of the model (Sec. IV), the approximate steady-state solution of the model is derived in
Sec. V. Using this solution, the QNA is applied to the model and linearised near the equilibrium
in Sec. VI, leading to the Species Size-Spectrum Model. Novel mathematical techniques are then
used to find approximate analytic solutions of that model (Sec. VII), and verified by comparison
with simulations of the same model (Sec. VIII). Section IX provides technical discussion of further
implications of the results and points to questions and research problems arising. Non-technical
summaries of a number of noteworthy aspects of the theory are provided in Sec. II below.

II Some aspects of the analytic theory explained in non-
mathematical language

The formal mathematical analysis of the model by Hartvig et al. (2011) leads to several novel
insights into structure and dynamics of size-structured communities and the underlying mech-
anisms. This section summarises and discusses some of these findings in a non-mathematical
language. To avert the risk of misunderstanding inherent in such undertakings, consultation of
the referenced parts of the theory for details and specifics is encouraged. Table 1 summarises
the crucial mechanisms succinctly.
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Phenomenon Regulating Constraint
Eutrophic regime Oligotrophic regime

Size-spectrum exponent
(slope)

Physiological mortality rate Constant satiation

Mortality Growth and physiological mortality rates
Individual growth rate Satiation
Satiation Maximal Size-spectrum coefficient and

search/attack rate
Size-spectrum coefficient
(intercept)

Producer abundance Physiological mortality rate

Physiological mortality rate Intraspecific size structure
Intraspecific size structure Population-dynamic equilibrium
Search/attack rate Unknown (see Sec. IX.F)

Table 1: Summary of major regulating constraints controlling the model community’s steady
state.

II.A Two different scenarios generate power-law community size spec-
tra

The analysis reveals two different scenarios that lead to formation of power-law size spectra
(Sec. V.B). In the first scenario, primary producers are sufficiently abundant for all grazers and
all species higher up in the food chain to feed ad libitum. The second scenario corresponds
to communities in which typical individuals at all sizes find enough food so as not to die of
starvation but if more food was available they could grow faster and generate more offspring.
(The cross-over between the two scenarios is not considered.)

Figure 1 illustrates that biomass densities of individuals in all size classes can be much higher
in eutrophic systems than they are in oligotrophic systems, so situations in which consumers
effectively feed ad libitum are more likely. The first scenario is therefore here called the eutrophic
regime here and the second the oligotrophic regime. Of course, this nomenclature is not meant
to imply that trophic status is defined by consumer satiation. The labelling just hints at the fact
that, the more eutrophic a system is, the more likely the regime with ad libitum feeding will be
encountered.1

Perfect oligotrophic power-law size spectra require the “right” abundance of primary pro-
ducers or a corresponding tuning of other biological or ecological parameters. One conceivable
mechanism for this is the evolutionary adaptation of attack (or search) rates to avoid overex-
ploitation of resources (Rossberg et al., 2008). The size-spectrum slope is determined solely
by the allometric exponents for metabolic and attack rates (Andersen and Beyer, 2006, and
Sec. V.B), typically leading to slopes close to the value suggested by Sheldon et al. (1972). With
somewhat over-abundant producers, size spectra will bend upward on double-logarithmic scales,
and vice versa (Sec. IX.F).

Eutrophic power-law size spectra appear to impose fewer constraints on parameters. In
the eutrophic regime, the size-spectrum slope depends on the efficiency of energy transfer from
smaller to larger species. Depending on ecological parameters, the slope can become larger or
smaller than in the oligotrophic case, and for real systems it can vary along the size axis. Absolute

1Bolt labelling of mathematically distinct regimes is common scientific practice. Solid-state physicists, for
example, refer to scenarios unfolding at the temperature of liquid nitrogen (−196 ◦C) as the “high-temperature
regime” (e.g. Pratap et al., 1999).
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abundances scale with the abundances of primary producers.
As the oligotrophic regime is characterised by ad libitum, and therefore density-independent,

feeding, model populations in this regime are regulated entirely through density-dependent mor-
tality, so it might be a surprise that, despite this pure “top-down control”, the abundance of
primary producers can determine population abundances at higher trophic levels. This becomes
possible because overabundance of species in any given size class releases the early life stages
of larger species from predation mortality. As a result, the populations of larger species grow
and deplete smaller species through increased mortality—until a new equilibrium is reached
(Sec. VIII.D.5).

This new, differentiated picture of the controlling mechanisms might help to understand the
role of trophic status in shaping observed size spectra. A general empirical pattern seems to
be (Marquet et al., 2005) that in oligotrophic systems, size spectra closely follow power laws
with slopes (i.e. exponents) in line with Sheldon’s hypothesis Sprules and Munawar (1986);
Rodriguez and Mullin (1986a); Gaedke (1992b); Quiñones et al. (2003), and that with increasing
nutrient load, size spectra become more irregular, exhibiting weak trends in the best-fitting
slopes, which vary between studies (Bays and Crisman, 1983; Pace, 1986; Sprules and Munawar,
1986; Dortch and Packard, 1989; Ahrens and Peters, 1991; Bourassa and Morin, 1995; Jeppesen
et al., 2000; Gaedke et al., 2004), with some tendency to favouring higher relative abundance of
larger individuals at high nutrient loads (Sprules and Munawar, 1986; Ahrens and Peters, 1991,
see also Fig. 1), as expected from the present theory. Mulder and Elser (2009) and Mulder et al.
(2009) found the same trend in soil communities. Indeed, such patterns are suggested already by
comparisons of the size spectra recorded by Sheldon et al. (1972) around the American continent
with corresponding maps of nutrient loading (Garcia et al., 2006). Related to this may be
the observation by Yvon-Durocher et al. (2011) that warming increases size-spectrum slopes in
aquatic mesocosms.

II.B Feeding alone couples size classes

An intermediate result of the analytic calculations is the Species Size-Spectrum Model, Eq. (78)
below, a balance equation for the biomasses pertaining to species in different size classes, which
are coupled through feeding interactions. The Species Size-Spectrum Model only accounts im-
plicitly for intraspecific size structure. By showing that such a model can describe community
dynamics and, by extension, the dynamics of the classical individual size spectrum, the present
analysis differs from some earlier approaches. It implies that somatic growth does not essentially
contribute to the ecological coupling along the size axis, notwithstanding its important contri-
butions in controlling biomasses and population structures of species. This result provides firm
foundations to related criticism by Kerr and Dickie (2001), who argue that the “characteristics
[of size spectra] form an inexorable consequence of mathematical relations between size-dependent
allometries of the acquisition and transmission of energy through predation processes and the at-
tendant metabolic dissipation.” (p. 138) They consider that “mechanisms operating at the physi-
ological level” enter just by determining the “scaling of the efficiency coefficients” (p. 139) in this
process. Indeed, the observed deep gaps between domes that Kerr and Dickie (2001) highlight
would become tight bottlenecks were size classes primarily coupled through somatic growth. This
insight parallels a corresponding observation that, despite the wide body-size ranges species span
during growth, the individual size spectrum is highly correlated with the species size spectrum
(Shephard et al., 2012).
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II.C Population-level predator-prey size-ratio windows are wide

Most verbal models and qualitative models of trophic interactions in aquatic communities2 op-
erate at the population or species level, as do many quantitative models. Understanding the
general size-dependence of trophic interactions at the population level is therefore important not
only for size-spectrum theory.

Under the simplifying assumption that the size-dependence of trophic interactions is con-
trolled, apart from allometric scaling laws, only by relative sizes, it can be characterised by a
predator-prey size-ratio window. This gives, for each ratio of predator to prey size, the probabil-
ity or intensity of trophic interactions. The window can be defined either for interactions between
individuals, with the relative sizes given, e.g. in terms of the individuals’ body masses, or for
interactions between populations of species, with size then measured, e.g. in terms of maturation
body mass.

It is shown in Sec. IX.C that the structure of (average) population-level predator-prey size-
ratio windows is mostly determined by the intraspecific size structures of prey and predator.
The individual-level predator-prey size-ratio window plays only a minor role. The predicted
population-level predator-prey size-ratio window (Fig. 9) is wide, in line with empirical analyses
by Neubert et al. (2000) and Woodward and Warren (2007). Under the idealisations invoked in
the analytic theory, it decays with an exponent near zero (≈ −0.05) with increasing predator-
prey maturation body-mass ratio (Fig. 9). In reality, the windows will of course be truncated
above maturation size ratios where the newborns or hatchlings of one species are so large that
they feed on the adults of the other.

II.D Simple mass-balance models explain only equilibrium

It turns out (Sec. IX.B) that predicted equilibrium size spectra of communities perturbed by
size-selective fishing can consistently be interpreted by verbal arguments or simplified, static
mass-balance models (Christensen and Pauly, 1992) where “large species eat small species”
without regard to the broad population-level predator-prey size-ratio windows resulting from
somatic growth. However, when such simplified models would be used to predict dynamics (akin
to the Ecopath with Ecosim approach; Pauly et al. 2000), this would lead to very different results
from when size structure was, at least implicitly, included (Sec. IX.B, Fig. 10).

II.E Both upward and downward cascades form in response to size-
specific perturbations

The dynamics of complex systems can often effectively be analysed and described in terms of
their responses to controlled perturbations of system states. Adapting this idea to the ecological
context, Bender et al. (1984) distinguish between short pulse perturbations, and long-lasting press
perturbations of constant intensity. Here, press perturbations will be considered, if not stated
otherwise. An example of such a perturbation is sustained fishing with a constant effort.

Trophic cascades, in which a perturbation of abundance at a higher trophic level leads through
trophic top-down effects to alternating increases and decreases of abundances towards lower
trophic levels, are a well understood phenomenon. They naturally arise in size-spectrum mod-
els (Benôıt and Rochet, 2004). Andersen and Pedersen (2010) demonstrated in simulations of
a size spectrum perturbed by fishing that, together with these “downward” cascades, another

2Such models abound in the literature. Two randomly chosen examples are the statement “Norway lobster,
while not quite as an important part of the cod diet as whiting, is a slow-growing species and consequently more
sensitive to the predation release produced by the removal of cod” made by Speirs et al. (2010) or the graphs of
food-web topologies by Yodzis (1998).
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type of cascade can emerge, with alternating abundance increase and decrease towards higher
trophic levels. The cascades found by Andersen and Pedersen (2010) were always damped, i.e.,
the relative change in abundances became smaller with increasing distance from the externally
perturbed size class. Periodic maxima (“domes”) in size spectra, as observed, e.g. by Schwing-
hammer (1981), Sprules et al. (1983), and Sprules and Goyke (1994), and documented in Fig. 1,
are likely to correspond either to upward or to downward trophic cascades.

The Species Size-Spectrum Model accounts for both types of cascades (Sec. VIII.D.1). Its
analysis reveals that upward and downward cascades are mathematically independent phenom-
ena (Sec. VII.D), and that both can be damped or not (i.e. amplifying), sensitively depending on
model parameters (Secs. VIII.D.4, VIII.D.5). The intuitive mechanism underlying upward cas-
cades is the more-or-less pronounced formation of a trophic ladder, with the steps corresponding
to the cascade’s local maxima and the space between steps to the minima. In simple variants of
the Species Size-Spectrum Model with narrow individual-level predator-prey size-ratio windows
(not analysed here), therefore one finds that in upward cascades subsequent abundance maxima
are separated by the predator-prey size ratio, whereas for downward cascades subsequent maxima
are separated by the square of the predator-prey size ratio (two steps down ladder). In the more
realistic model variants considered in Sec. VIII.D, this situation is realised for some parameter
choices (e.g. Fig. 7a,b). However, for the standard parameter set used here (Sec. VIII.A below),
which builds on that proposed by Hartvig et al. (2011), the distinction of upward and downward
cascades by characteristic size ratios is blurred (Figs. 4, 6).

The separation of subsequent local maxima for standard parameters corresponds in both
directions to a factor ≈ 105 in body mass (Fig. 4). Perhaps fortuitously, this agrees well with
the separation of subsequent “domes” or maxima in empirical size spectra (Fig. 1; Sprules et al.,
1983; Sprules and Goyke, 1994). To classify cascades empirically, it might therefore be necessary
to determine the direction of motion of perturbation responses in temporally resolved size spectra
(Rodriguez and Mullin, 1986b; Rodriguez et al., 1987; Vasseur and Gaedke, 2007).

In the light of the observations in Sec. II.D, it is conceivable, though by no means estab-
lished, that the theoretical interpretation of “domes” in size spectra by Thiebaux and Dickie
(1993) through equilibrium mass-balance equations is compatible with formation of these struc-
tures by one of the two mechanisms leading to periodic modulations in the present theory. The
difference would be that, whereas Thiebaux and Dickie (1993) address the fully developed non-
linear form of the domes, the present theory describes their dynamic emergence in the linear
response to perturbations. The relationship between the two theories would then be similar to
that encountered for water waves (Johnson, 1997), where linear and weakly nonlinear theories
describe low-amplitude waves, which are necessarily sinusoidal, whereas high-amplitude waves,
which, as we know from experience, can assume entirely different shapes, are described by a
different, nonlinear theory.

The observation that different phyla are often associated with different domes (Gaedke, 1992a)
does not necessarily stand in opposition to explanations of these structures in terms of general
principles. In fact, evolution might naturally lead to this kind of specialisation within uneven
size spectra.

II.F Trophic cascades form slowly

Upward and downward trophic cascades in communities with broad intrapopulation size distri-
butions will emerge slower than would be expected from models that do not account for intrapop-
ulation size structure (Sec. IX.D). The reason is that pairs of species for which the adults are
in a clear predator-prey relation to each other might interact as prey-predator or as competitors
at other life-history stages. Figure 4, for example, documents formation of a downward cascade
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in the model with a delay corresponding to the three-fold maturation age of the main size class
targeted by fishing. Lags of 6-12 years between time-series of size-spectrum characteristics and
of exploitation rates, which Daan et al. (2005) observed in the North Sea but found “hard to
account for”, might be explained by this observation. The slow recovery of the Large Fish Indi-
cator shown by Fung et al. (2012a,b) in data and simulations is likely to reflect this phenomenon
too.

II.G Depletion of species higher up in the food chain is fast

For the scenario labeled as the oligotrophic regime, the Species Size-Spectrum Model predicts
that upward trophic cascades are superimposed with an overall decline of species larger than the
size class targeted by size-selective harvesting (Secs. VIII.D.1, VIII.D.4), and that this effect is
the stronger the larger species are relative to the targeted size class (Sec. IX.D). The underlying
mechanism is the same as that operating in simple food-chain models: insufficient supply of
energy. However, with broad intrapopulation size distributions, the effect can propagate faster
to larger species than it would in simpler models, because the indirect responses of larger species
propagating through the food chain are combined with direct responses of similar magnitude
attributable to harvesting or starvation of their juveniles. The time-scale for the population
response of large species to size selective harvesting of smaller species or individuals is therefore
of the order of magnitude of their maturation times.

II.H Food-web structure essentially affects size-spectrum structure and
dynamics

The derivation of the Species Size-Spectrum Model depicts communities as if there was a contin-
uum of interacting species of all sizes, and assumes that life-history traits and feeding interactions
are determined by maturation sizes and body sizes alone. An immediate consequence is that
species of comparable size are also similar in all their ecological traits and therefore compete
with each other. Without appropriate regularisation of the model, the resulting competitive
exclusion dynamics lead to instabilities of size spectra in which increases in the abundances of
some species are compensated by decreases in the abundances of other species of very similar
size (when coarsening the resolution of size classes, the spectra are generally stable). In reality,
stable size-structured communities can form because ecological traits differ even between species
of equal maturation size (Jacob et al., 2011), and, perhaps most importantly, in general feeding
interactions do not depend only on the sizes of prey and predator (Naisbit et al., 2012). Species
coexist by forming rather sparse food webs: for example, (Rossberg et al., 2011) show that only
about 10 species contribute more than 1% to the diet of the average fish species, independent
of local species richness. This, it is argued in Sec. VI.D, modifies continuum size-spectrum dy-
namics at size resolutions corresponding to the maturation body-size ratios among species in the
diets of typical predators.

Because of the strongly overlapping intraspecific size distributions making size-spectrum dy-
namics rather slow, these food-web effects are likely to be sufficiently strong to modify dynam-
ics substantially, even on coarser scales. In the present analysis food-web effects are derived,
parametrised, and included in the model based on heuristic arguments rather than on first
principles. The theory, while allowing many other insights, is therefore unsuitable for reliable
quantitative predictions of community dynamics. This would require models that quantitatively
account for food-web topology.
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II.I Body mass approximates reproductive value

Fisher (1930) defined the reproductive value of an individual as its expected contribution “to the
ancestry of future generations”. Recently Rossberg and Farnsworth (2011) developed a method
to extend this empirically useful concept from the density-independent (linear) dynamics of
a single population to complex communities of interacting populations. They argued, with
fisheries management in mind, that a quantification of the size of a population by the summed
reproductive values of its members should allow better predictions of future population (or
“stock”) sizes than other measures of population size, e.g. the commonly used spawning-stock
biomass.

Remarkably, under a certain set of approximations, the present theory evaluates the repro-
ductive value of individuals to be exactly equal to their body mass (Sec. VI.B). This result holds
for both mature and immature individuals. The summed reproductive value of a population
would then simply be its total biomass. Tests of this prediction by computing reproductive
values from empirically determined life-history parameters of a population might lead to more
reliable characterisations of stock sizes and help to resolve the question whether the smaller or
the larger individuals of a stock should be harvested preferentially to maximise economic output
under given constraints on ecological impact.

II.J Physiological mortality is constrained by population dynamic equi-
librium

Beyer (1989) recognised the importance of the specific physiological mortality rate, a dimension-
less parameter defined as a cohort’s mortality rate divided by its specific growth rate (that is,
the relative body mass increase per unit time). Physiological mortality as a function of body
size determines a population’s internal size structure. Here it is shown that, under a certain
set of approximations, specific physiological mortality must be exactly 1 for immature cohorts in
population-dynamic equilibrium (Sec. V.D). Greater mortality leads to the decline, less mortality
to the growth of populations. Even under relaxed assumptions a value close to one can still be
expected (Sec. V.G). Indeed, the density-dependence of physiological mortality alone essentially
controls population dynamics (Sec. VI.C, Eq. (61), (63)). Real-world complications will modify
these results, especially for species with rather small ratios of adult to newborn (or hatchling)
body sizes, but overall a close relation between population-dynamic equilibrium and specific
physiological mortality is expected. This insight might help fisheries managers interpreting the
outcomes of virtual population analyses (Lassen and Medley, 2001) and relating them to stock
dynamics.

To the extent that the specific physiological mortality of immature individuals attains a
universal value, the results of Beyer (1989) imply that the size structure of the immature compo-
nent of populations is universal, except for a truncation below the size of newborns or hatchlings
(Sec. VI.B). An empirical test of this approximate universality of size distributions and a bet-
ter understanding of the magnitude and the causes for deviations from it might lead to other
generalisations regarding structure and dynamics of interacting size-structured populations.

II.K Solutions of “size-spectrum” equations follow general character-
istics

In Sec. VII, this paper develops a general method to approximate the solutions of a wide class
of equations that describe the dynamics of size-structure communities, subject to two general
principles that are often invoked in ecological theory. The first principle is allometric scaling
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of ecological rates with a fixed power n of body size (n = 3/4 is often used), and the second
principle posits that, apart from the allometric scaling of rates, interaction strengths between
individuals depend only on their relative, but not their absolute, sizes.

The approximate general solution of this class of equations implies that, in response to press
perturbations targeting a narrow range of size classes, fronts are emitted from the perturbed size
range that travel at constant speed on a scale given by body mass raised to the power (1 − n),
either towards larger or towards smaller size classes. The fronts leave behind themselves either
a static, modulated structure with a wavelength that is constant on a logarithm body mass
axis (e.g. trophic cascades) or regions of either consistently raised or reduced abundances. The
amplitude of the modulation or of the rise/decline can either increase away from the perturbed
size class, or decrease. The effects of a pulse perturbation can be described by linear combinations
of press perturbations (Sec. IX.F). A graphic method to decide for a given system which of the
various conceivable scenarios will be realised is introduced in Sec. VIII.D.3.

III Methods

This section briefly recalls some standard concepts of functional analysis used in developments
of the theory below. The text by Boccara (1990) covers most of these topics in mathematically
rigorous yet accessible form.

For a real- or complex-valued function f(x), define its Fourier transform f̂(ξ) such that

f̂(ξ) =

∫ ∞
−∞

e−iξxf(x) dx, f(x) =

∫ ∞
−∞

eiξx

2π
f̂(ξ) dξ, (1)

where i is the imaginary unit (i2 = −1). The convolution f ∗ g of two functions is defined as the
function h given by

h(x) = [f ∗ g](x) =

∫ ∞
−∞

f(y − x)g(y)dy. (2)

With normalisations as in Eq. (1), Fourier transformations directly carry convolutions over into

multiplication, that is, for any two functions f , g, one has f̂ ∗ g = f̂ ĝ. This relation implies that
f ∗ g = g ∗ f , (f ∗ g) ∗ h = f ∗ (g ∗ h), and f ∗ (g + h) = f ∗ g + f ∗ h.

Depending on the convergence of the defining integral, the value of a Fourier transform f̂(ξ)
can be computed via Eq. (1) for any real ξ, but also for some complex-valued ξ. Consider, for
example, the Gaussian window

Wσ(y) = exp

(
− y2

2σ2

)
. (3)

Its Fourier integral evaluates for arbitrary complex ξ to

Ŵσ(ξ) =
√

2πσ exp
(
−ξ2σ2/2

)
. (4)

As another example, the function defined by f(x) = 0 for x < 0 and f(x) = e−2x for x ≥ 0 has,

by Eq. (1), the Fourier transform f̂(ξ) = (2+iξ)−1 for any complex ξ such that Im{ξ} < 2. (Real
and imaginary parts of complex numbers ξ are denoted by Re{ξ} and Im{ξ}, respectively.) When

Im{ξ} ≥ 2, the integral in Eq. (1) does not converge. However, the definition of f̂(ξ) is naturally

extended to any complex ξ 6= 2i by analytic continuation. Then the formula f̂(ξ) = (2 + iξ)−1
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is valid for all complex ξ except ξ = 2i. Such analytic continuations of Fourier transforms will
play an important role below.

Dirac’s delta function δ(x) symbolises the idealised case of a function that is zero for all x
except x = 0, and so (infinitely) large at x = 0 that

∫ a
−a δ(x)dx = 1 for any a > 0. It follows, for

example, that
∫ a
−a f(x)δ(x)dx = f(0) for any a > 0.

A functional derivative δF [g]/δg(y) is the generalisation of the notion of a gradient to vec-
tors with continuous-valued indices y, i.e. functions g(y). Standard rules of differential calculus
translate straightforwardly to functional derivatives, except that, because the dependence of
an expression F [g] in g(x) on the single point of g(x) where x = y is generally tiny, func-
tional derivatives contain an additional factor δ(y). For example, δg(x)/δg(y) = δ(x − y), and
δ
∫∞
−∞ f(g(z))dz/δg(y) = df(u)/du evaluated at u = g(y).
Define a scalar product for real-valued functions as

〈f |g〉 =

∫ ∞
0

f(x) g(x) dx. (5)

The adjoint of a linear operator L (a linear mapping from functions g(x) onto functions [Lg](x))
can then be defined as the linear operator L+ that satisfies for all functions f and g (with some
mathematical constraints):

〈L+f |g〉 = 〈f |Lg〉 . (6)

It can be computed as

L+f(x) =
δ 〈f |Lg〉
δg(x)

. (7)

IV Model

The model underlying this theory has been motivated and derived by Hartvig et al. (2011). Its
major strengths are a consistent synthesis of dynamic descriptions of size-structured communi-
ties, populations, individual growth, and bio-energetics based on general biological principles; the
model’s small set of parameters, all of which are estimated from empirical data; and its demon-
strated structural stability. This section provides only a technical summary and highlights minor
deviations from the formulation of Hartvig et al. (2011). Table 3 lists symbols used throughout
this work and their interpretation.

The model describes trophic interactions between reproductively isolated populations of het-
erotrophic species in large, size-structured aquatic communities. It distinguishes between indi-
viduals of different body mass m within each population j, and assumes all individuals of the
same size and the same population to be equivalent. Each population is therefore characterised
by a size distribution Nj(m) of individuals. Specifically, following Hartvig et al. (2011), the num-
ber of individuals of population j within the infinitesimally small body-mass interval [m;m+dm]
is given by VNj(m)dm, where V is the volume of the system considered (a formulation in terms
of areal density would equally be possible). In general, Nj(m) will be time-dependent.

Energy and biomass are thought to flow overwhelmingly from smaller to larger individuals
(Woodward et al., 2010b; Gilljam et al., 2011). The demographics of the smallest species in the
community are not modelled explicitly. Rather, an idealisation is invoked that all species are
much larger than the smallest individuals in the community, so that the relevant (logm)-axis
stretches infinitely into both directions. This admits a description in which the prey species of
every consumer are again consumers, and all species are consumed by some other, larger species,
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so that, mathematically, there is an infinite hierarchy of species sizes in the community. The
original model of Hartvig et al. (2011) instead summarises the density of individuals of small
species by a resource spectrum NR(m).

The biomass density of food available to an individual of species j with body mass m is given
by

φj(m) =

∫ ∞
0

mpNj(mp)s

(
ln

m

mp

)
dmp, (8)

where Nj(mp) is the density of prey of size mp available to j, and the function s(·) characterises
the individual-level predator-prey size-ratio window on a logarithmic scale.

The theory admits essentially arbitrary predator-prey size-ratio windows, but the following
plausible constraints shall be imposed: s(u) is non-negative, and decays faster than exponentially
as u→ ±∞. The Fourier transform ŝ(ξ) of s(u) is then an entire function (i.e. it is finite for any
complex ξ). An example satisfying this condition is given by Eqs. (109), (110).

The density of prey entering Eq. (8) is given by

Nj(m) =
∑
k

θj,kNk(m), (9)

with the weights θj,k ∈ [0; 1] characterising dietary preferences, i.e. the food web. Dependence
of θj,k on life stages could be incorporated into the formalism, but are not considered here.
On the contrary, the analysis will largely be based on a mean-field approximation, that is, the
ecosystem mean of θj,k is absorbed into the search rate (see below), and all θj,k are set to 1. Then
Nj(m) = N (m) is the same for all predators j, so the density of available food φj(m) = φ(m).

Food intake is determined by the density of prey φ(m), the effective search rate, assumed to
be of the form γmq (with constants γ, q > 0), and the physiological maximum food-intake rate
of individuals. The latter is assumed to scale as hmn, with constants h > 0 and 0 < n < q. For
simplicity, n is identified with the allometric exponent for metabolic rates. Typically n ≈ 0.75
(Peters, 1983), but here only n < 1 is required. Specifically, individuals of size m feed at a rate
f(m)hmn, where the degree of satiation f(m) ∈ [0; 1] is given by

f(m) =
γmqφ(m)

γmqφ(m) + hmn
. (10)

This corresponds to an individual-level Type II functional response with handling time (hmn)−1

(dimensions: Time/Mass). In the limit h → ∞ the special case of a linear functional response
f(m)hmn → γmqφ(m) is recovered from all results derived below.

Food intake is discounted by a gross conversion efficiency 0 < α < 1 and metabolic losses at
a rate kmn (with constant k > 0), leaving a net uptake of energy αf(m)hmn − kmn available
for somatic growth and reproduction. It is apportioned between these two uses according to a
reproduction-selection function ψ(m/m∗j) ∈ [0, 1], with m∗j characterising the size of species j
at maturation. That is, individuals grow at a rate g(m,m∗j) (dimension Mass/Time) and invest
into offspring at a rate gr(m,m∗j), with

g(m,m∗j) = [1− ψ(m/m∗j)] [αf(m)h− k]mn,

gr(m,m∗j) = ψ(m/m∗j) [αf(m)h− k]mn.
(11)

Individuals produce offspring, assumed to be of sizem0j , at a rate (ε/2m0j)gr(m,m∗j) (dimension
1/Time), with the factor 1/2 representing the assumed proportion of females in a population and
the reproduction efficiency ε discounting for all additional losses from production of eggs to birth
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or hatching. With the case of fish in mind, Hartvig et al. (2011) assumed the size of hatchlings
m0j = m0 to be effectively the same for all species, independent of maturation size m∗j . Here,
m∗j values that vary between species will be admitted. Integrating over spawners of all sizes,
species j produces offspring at a rate

Rj =
ε

2m0j

∫ ∞
0

Nj(m)gr(m,m∗j)dm. (12)

Many analytic results derived here are independent of the specific form of the reproduction-
selection function ψ(x), but the following general characteristics will be used below: whereas
maturation is a gradual process, it is sufficiently well defined that, as x→ 0, ψ(x) goes to zero,
with most of the transition taking place near x ≈ 1. In order for individuals to have well-defined
growth trajectories, ψ(x) should be Lipschitz continuous.3 Further, it is assumed that ψ(η−1) = 1
for some constant 0 < η < 1, and that 0 ≤ ψ(x) < 1 for x < η−1. These conditions ensure that
individuals cannot reach the size m∗/η, which therefore becomes a sharp upper bound on body
size.

The predation mortality of individuals of size mp follows from the model of food intake above.
It is given by

µp(mp) =

∫ ∞
0

s

(
ln

m

mp

)
[1− f(m)]γmqN (m)dm. (13)

Mortality from all other causes is summarised in a species-dependent background mortality

µj = µ0m
n−1
∗j , (14)

chosen such as to be proportional to inverse generation time. It is assumed here that, as Hartvig
et al. (2011) suggested, the parameter µ0 ≥ 0 is sufficiently small that µj becomes relevant
only for adults. Hartvig et al. (2011) also included starvation mortality in their model, but the
situations where this becomes relevant lie beyond the scope of the current theory.

Combining the effects of growth, mortality, and reproduction, one obtains a balance equation
for the distribution Nj(m) of the individuals forming a population over body sizes (McKendrick,
1926; von Foerster, 1959):

∂Nj(m)

∂t
+

∂

∂m

[
g(m,m∗j)Nj(m)

]
= −

[
µp(m) + µ0m

n−1
∗j
]
Nj(m). (15)

The boundary condition Rj = g(m0j ,m∗j)Nj(m0j), equating offspring production with out-
growth, closes the model.

V Properties of the scale-invariant community steady state

V.A Discussion of the underlying approximations

To obtain an analytic characterisation of the solution of this model, two additional approxima-
tions are made. Both are motivated by the empirical fact that the community size spectrum
N (m) often follows a power law N (m) ∝ m−λ over a wide range of body sizes m. (Sheldon’s
hypothesis corresponds to λ ≈ 2.) The first approximation is to coarse-grain over species with
similar maturation size m∗j , giving a smooth distribution N(m,m∗) of individuals over body

3A function f(x) is called Lipschitz continuous if there is a positive constantK such that |f(x)−f(y)| < K |x−y|
for all x, y in the domain of f .
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sizes m and maturation sizes m∗ (Andersen and Beyer, 2006). In this coarse-grained descrip-
tion, the number of individuals in the infinitesimal body size interval [m;m + dm] belonging
to species with maturation body sizes in the infinitesimal interval [m∗;m∗ + dm∗] is given by
VN(m,m∗) dmdm∗, with V again denoting system volume. It is assumed that the size of hatch-
lings or newborns m0 is determined largely by maturation size m∗, so that the former becomes
a function of the latter. This can be a linear relationship, a functional relationship where m0

is constant over some range of m∗, or any other type of nonlinear functional relationship. With
this and the foregoing mean-field approximation in place, species with similar m∗ will typically
be similar in all their ecological characteristics. The competitive exclusion dynamics resulting
from this approximation is discussed in Sec. VI.D.

The second approximation is motivated by the scale-invariance of the community size spec-
trum, highlighted by Camacho and Solé (2001) and Capitán and Delius (2010).4 It suggests
that the underlying intraspecific size distributions Nj(m) are, to some approximation, also scale-
invariant when factoring out the dependence on maturation body size m∗j . Specifically, condi-
tions will be derived for which Nj(xm∗j) ∝ Nk(xm∗k) to a good approximation over a wide
range in dimensionless body masses x for most pairs of species (j, k). The obvious truncation

of intraspecific size structure below the size of hatchlings m0j , i.e. for5 x < x0j
def
= m0j/m∗j ,

violates this approximation, and will therefore receive special attention below. It turns out that
the limit x0j → 0 is often non-singular and taking it yields ecologically consistent results.

The combination of these two approximations leads to an ansatz

N(m,m∗) =

{
m−λ−1∗ Ñ(m/m∗) for m ≥ m0,

0 for m < m0

(16)

for the coarse-grained, scale-invariant distribution of individuals, where m0 is a function of m∗
and the scale-free size distribution Ñ(x) remains to be determined.6

In the small-hatchling limit m0/m∗ → 0, the coarse-grained community size spectrum Eq. (9)
can be evaluated, by using first Eq. (16) and then substituting m∗ = m/x, as

N (m) =

∫ ∞
0

N(m,m∗)dm∗

=

∫ ∞
0

m−λ−1∗ Ñ(m/m∗)dm∗

=

∫ ∞
0

xλ−1m−λÑ(x)dx

= m−λÑ ,

(17)

with a constant

Ñ =

∫ ∞
0

xλ−1Ñ(x)dx. (18)

4Recall that scale invariance in the simple form N (cm) = c−λN (m) is equivalent to the power-law condition
N (m) ∝ m−λ: the power law obviously implies scale invariance. The converse can be seen by differentiating the
scaling laws with respect to the scale factor c at c = 1 and solving the resulting differential equation. As both
conditions imply each other, they are equivalent.

5The notation A
def
= B indicates the definition of A as B.

6To streamline notation, a tilde ‘̃ ’ is used throughout this work to indicate the “scale-invariant part” of some
mass-dependent function. This leads to the following modification of the notation used by Andersen and Beyer
(2006) and Hartvig et al. (2011): a→ ã, Nc(m)→ N (m), κc → Ñ , ~→ g̃0, αp → µ̃.
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Equation (17) confirms the supposed relation between ansatz (16) and power-law size spectra,
Eq. (17). Consistency of this result requires that the integral in Eq. (18) converges, which will
be verified after computing Ñ(x) and λ in Sec. V.D below.

V.B Scale-invariant demographics

The steady state demographic rates are now evaluated assuming scale invariance (Eq. (17)) and
making use of in the mean-field approximation Nj(m) = N (m). Prey availability, Eq. (8), then
becomes

φ(m) =

∫ ∞
0

mpN (mp)s

(
ln

m

mp

)
dmp

= m2−λφ̃,

(19)

where the constant

φ̃ = Ñ
∫ ∞
0

yλ−3s(ln y) dy (20)

is obtained from Eq. (19) using the substitution mp = m/y. Doing another substitution, y = ex,
then noting the formal similarity with a Fourier integral, the integral in the last equation above
can be expressed in terms of the Fourier transform ŝ(ξ) of s(x):∫ ∞

0

yλ−3s(ln y) dy =

∫ ∞
−∞

e(λ−2)xs(x) dx

= ŝ
(
i(λ− 2)

)
.

(21)

Below, similar transformations will be applied to evaluate other integrals.
The consumer satiation resulting from the prey availability φ(m) computed above is

f(m) =
γm2+q−λφ̃

γm2+q−λφ̃+ hmn
. (22)

According to Eqs. (11), consumers neither grow nor reproduce when satiation f(m) < k/αh.
Exclusion of this situation leaves two scenarios for scale-invariance of f(m). In the first case
γm2+q−λφ̃ � hmn over the body-size (m) range of interest, so f(m) ≈ 1. This regime breaks
down at body sizes m ≈ [h/(φ̃γ)]1/(2+q−λ−n), where a cross-over to a non-scale-invariant regimes
occurs. However, this point can be moved mathematically to arbitrarily large or small m, respec-
tively, by an appropriate choice of γ. In the second case 2 + q − λ = n, so that f(m) = f̃ with

constant f̃
def
= γφ̃/(γφ̃ + h). This fixes the size-spectrum exponent as λ = 2 + q − n (Andersen

and Beyer, 2006). Mindful of the caveats discussed in Sec. II.A above, the first case is called the
eutrophic regime and the second the oligotrophic regime.7

Both cases lead to scale-invariant somatic and reproductive growth rates:

g(m,m∗) = g̃(m/m∗)m
n, gr(m,m∗) = g̃r(m/m∗)m

n, (23)

7Maury et al. (2007b) investigated a size-spectrum model in which the allometric exponent for maximal inges-
tion ∝ m2/3 is smaller than the exponent for metabolic losses ∝ m, so that ingestion limits are relevant only for
the largest organisms. Then other scaling regimes become possible, e.g. such that ingestion balances maintenance
cost by having feeding levels ∝ m1−2/3 = m1/3. Their Fig. 5e might represent this scenario for body lengths
< 0.1 m. It is not considered here.
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where

g̃(x) = [1− ψ(x)] g̃0, g̃r(x) = ψ(x)g̃0 (24)

with

g̃0 = αf0h− k, (25)

and f0 = 1 or f0 = f̃ , depending on the case considered.
To evaluate predation mortality, Eq. (13), in the eutrophic regime, the lowest-order correction

to satiation, f(m) = 1− hmn+λ−2−qγ−1φ̃−1 + . . ., needs to be taken into account, giving

µp(mp) =

∫ ∞
0

s

(
ln

m

mp

)
hmn−2φ̃−1Ñdm

= µ̃mn−1
p ,

(26)

with a constant

µ̃ =
hÑ
φ̃
ŝ
(
i(n− 1)

)
, (27)

expressed in terms of the Fourier transform of s(x).
In the oligotrophic regime predation mortality evaluates to a power law of the same form as

Eq. (26), but now with coefficient

µ̃ = (1− f̃)γÑ ŝ
(
i(n− 1)

)
=

γhÑ
γφ̃+ h

ŝ
(
i(n− 1)

)
. (28)

It is worth noting that, although the demographic parameters derived in this section depend
on the exponent λ and coefficient Ñ characterising the community size spectrum, Eq. (17), the
scale-free size distribution N(x) itself does not enter the results. Hence, the results hold also
when the community size spectrum follows a power law but is not apportioned to scale-free
intrapopulation size distributions. With such a situation in mind, it is instructive to consider
the boundary condition gj(m0j)Nj(m0j) = Rj of the McKendrick–von Foerster Equation, which
specifies that the outgrowth of hatchlings must be consistent with offspring production, making
use of the scale-invariant expressions for the demographic parameters derived above, but allowing
arbitrary population structures Nj(m0j). With m0j = x0m∗j , this yields by Eqs. (12), (23),
and (24):

[1− ψ(x0)]g̃0x
n
0m

n
∗jNj(x0m∗j) =

εg̃0m
n
∗j

2x0

∫ ∞
0

Nj(xm∗j)ψ(x)xndx. (29)

Observing that the maturation selection function for hatchlings ψ(x0) is generally zero, and
cancelling common factors on both sides of the equation, this reduces to

Nj(x0m∗j) =
ε x−1−n0

2

∫ ∞
0

Nj(xm∗j)ψ(x)xndx. (30)

The exponent −1−n of x0 decomposes into a contribution −1, arising from simple book-keeping,
and a contribution −n for the ratio of the rates of metabolic activity of adults and hatchlings.
Little more ecology enters this power law, Eq. (30), for the scaling of the ratio of hatchling and
adult abundance depending on x0. It should therefore be robust with respect to variations in
the structure of the model and its solutions.
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V.C Scale-free size distribution

The scale-free size distribution Ñ(x) can now be obtained as the equilibrium solution of the
McKendrick–von Foerster Equation (15). Taking above results for growth and mortality into
account,

∂

∂m

[
g̃(m/m∗)m

nÑ(m/m∗)
]

= −
(
µ̃mn−1 + µ0m

n−1
∗
)
Ñ(m/m∗), (31)

or, substituting m = m∗x and cancelling a factor mn−1
∗ ,

∂

∂x

[
g̃(x)xnÑ(x)

]
= −

(
µ̃xn−1 + µ0

)
Ñ(x). (32)

The equation is solved by

Ñ(x) =
Ñ0

g̃(x)xn
exp

[
−
∫ x

1

µ̃

g̃(x′)x′
+

µ0

g̃(x′)x′n
dx′
]

(33)

for x < η−1 and Ñ(x) = 0 for x ≥ η−1. The normalisation factor Ñ0 is related to Ñ via Eq. (18).
Differentiability of Ñ(x) requires the integral in Eq. (33) to diverge at x = η−1, which is the case
when the function ψ(x) is Lipschitz continuous at the point ψ(η−1) = 1, as demanded above.

To understand the structure of solution (33), recall that for body sizes much smaller than
maturation size (x � 1), all available energy is used for growth (ψ(x) = 0), so g̃(x) reduces to
g̃0 by Eq. (24). The integral in Eq. (33) can then be evaluated, giving

Ñ(x) ∝ 1

xn
x
− µ̃
g̃0 exp

[
−µ0(x1−n − 1)

g̃0(1− n)

]
(for x� 1).

As n < 1 and therefore x1−n → 0 as x→ 0,

Ñ(x) ∝ x−n−ã (for x� 1), (34)

where the constant

ã =
µ̃

g̃0
, (35)

is the specific physiological mortality (Beyer, 1989) of immature individuals.

V.D Implications of the boundary condition (Part I)

To assure demographic equilibrium, the boundary condition, Eq. (30), still needs to be evaluated.
Putting Nj(m) ∝ Ñ(m/m∗j) into this equation and substituting Eq. (34) for the left-hand side,
one obtains

x−n−ã0 ∝ x−1−n0 . (36)

As x0 takes different values for different maturation size classes, existence of a scale-free in-
trapopulation size distribution Ñ(x) requires that

ã = 1. (37)
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The mechanism by which this condition can be satisfied depends on the size-spectrum regime.
In the oligotrophic case, the results of Sec. V.B combine with ã = 1 to the condition

Ñ =
k

γ[(α− kh−1)I1 − I2]
, (38)

where I1
def
= ŝ

(
i(λ − 2)

)
and I2

def
= ŝ

(
i(n − 1)

)
. Therefore, ã = 1 implies a constraint on physi-

ological parameters or on the coefficient of the community size spectrum Ñ . For the eutrophic
regime, Sec. V.B with ã = 1 implies(

α− kh−1
)
I1 − I2 = 0. (39)

By varying the size-spectrum slope λ, the value of I1 can be adjusted to satisfy this condition.
Hence, power-law size spectra impose a condition on the size-spectrum slope in the eutrophic
regime, and on absolute abundances (with a slope fixed at λ = 2 + q − n) in the oligotrophic
regime.

To interpret Eqs. (38) and (39) ecologically, observe first that α− kh−1 is the net conversion
efficiency at ad libitum feeding (gross conversion minus metabolic losses). Now, consider the
special case of a sharply defined predator-prey size ratio β, i.e. s(x) = δ(x− lnβ), ŝ(ξ) = β−iξ.
Equation (39) is then equivalent to α − kh−1 = βn−1 β2−λ, which has the form of an energy-
balance equation as encountered in early size-spectrum theory (e.g. Platt and Denman, 1978):
losses through conversion α − kh−1 are matched by a corresponding reduction of metabolic
activity at the next trophic level βn−1, corrected by the ratio of predator to prey biomass
abundance β2−λ. In the oligotrophic regime, where hypothetical ad libitum feeding leads to an
energy surplus (a positive denominator in Eq. (38)), a power-law size spectrum is attained with
less-efficient feeding at lower abundances. Remarkably, despite the fact that reproduction played
a crucial role in deriving Eqs. (38) and (39), the result could have been obtained similarly when
disregarding species identity and reproduction.

It is also noteworthy that, to the degree that (i) natural death is negligible, so that gross
conversion efficiency equals the Lindeman’s trophic transfer efficiency (commonly found to be
≈ 0.1) and (ii) Sheldon’s hypothesis λ = 2 holds, the energy balance discussed above necessarily
leads to a predator-prey size ratio β = 0.11/(n−1) ≈ 1000, which is similar to observed values,
without any reference to mechanical constraints on feeding interactions. One might therefore
wonder whether the size of a fish’s gape is determined by community-level constraints, rather
than vice versa.

We can now ask under which conditions the integral in Eq. (18) converges for small x, in
other words, under which conditions the contribution of large species to the abundance of small
individuals in a community is small. By Eqs. (34) and (37), this requires λ > 1 + n. Therefore,
there is with n ≈ 3/4 little scope for size-spectrum slopes much flatter than the Sheldon slope
λ = 2.

V.E Total biomass per size class

From Eq. (16), the total biomass of species belonging to a small maturation size interval [m∗;m∗∆m∗]
can be computed for the scale-invariant solution as V Btot(m∗)∆m∗, with
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Btot(m∗) =

∫ ∞
m0

mN(m,m∗) dm

=

∫ ∞
m0

mm−λ−1∗ Ñ(m/m∗) dm

= m−λ+1
∗ B̃tot(m0/m∗)

(40)

and

B̃tot(x0) =

∫ ∞
x0

x Ñ(x) dx. (41)

From the asymptotic form of Ñ(x), Eq. (34), it follows that the integrand above scales as x−n

for small x, implying that the contribution from small individuals to the total biomass is small
as long as n < 1. The biomass of a maturation size class or species is dominated by its adults.

V.F Total metabolic loss rate per size class

Contrasting with population biomass, the rate of metabolic losses of a maturation size class or
species contains a large contribution from small individuals and diverges in the limit x0 → 0.
Specifically, the total losses kmn of individuals belonging to a small maturation size interval
[m∗;m∗∆m∗] evaluates to VKtot(m∗)∆m∗, with

Ktot(m∗) =

∫ ∞
m0

kmnN(m,m∗) dm

=

∫ ∞
m0

kmnm−λ−1∗ Ñ(m/m∗) dm

= m−λ+n∗ K̃tot(m0/m∗)

(42)

and

K̃tot(x0) = k

∫ ∞
x0

xn Ñ(x) dx. (43)

By Eqs. (34) and (37), the integrand above is proportional to x−1 for small x, implying a
logarithmic divergence of the integral as x0 → 0. It is easily verified that a similar logarithmic
divergence arises for biomass loss by predation mortality and biomass gain by somatic growth.
Consistency of model solutions in the limit x0 → 0 requires that these contributions cancel each
other out.

V.G Implications of the boundary condition (Part II)

The conditions derived in the foregoing section leave no free parameter that could be adjusted
to ensure that boundary condition Eq. (29) is satisfied not only by order of magnitude, but
exactly. Below it is shown that exact satisfaction is possible only under special, artificial as-
sumptions, so deviations of the population structure N(m,m∗) from the ideal scale-invariant
form m−λ−1∗ N(m/m∗) must be expected. Then, the qualitative nature of the expected devia-
tions is discussed.
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Consider first the case of vanishing background mortality µ0 = 0, and assume ã = 1 (i.e.
µ̃ = g̃0) and scale-invariance: N0(m) ∝ Ñ(m/m∗j) for m0 ≤ m ≤ η−1m∗ and Nj(m) = 0
otherwise. Define the function

E(x) = exp

[
−
∫ x

1

1

[1− ψ(x′)]x′
dx′
]
, (44)

which satisfies the identify

∫ η−1

x0

ψ(x)

1− ψ(x)
E(x) dx =

∫ η−1

x0

[
1

1− ψ(x)
− 1

]
E(x) dx

=

∫ η−1

x0

−xdE(x)

dx
− E(x) dx = −

∫ η−1

x0

d

dx
[xE(x)] dx = x0E(x0). (45)

Using Eqs. (11), (33), and (45) one can re-evaluate the general boundary condition (29) as

[1− ψ(x0)]Ñ(x0) =
Ñ0x

−n
0

g̃0
E(x0) =

εx−1−n0

2

∫ η−1

x0

Ñ(x)ψ(x)xn dx

=
εÑ0x

−1−n
0

2g̃0

∫ η−1

x0

ψ(x)

1− ψ(x)
E(x) dx

=
εÑ0x

−n
0

2g̃0
E(x0).

(46)

Hence, boundary condition (46) will be satisfied for scale-invariant solutions only when ε/2 = 1.
This requires an energetically impossible reproduction efficiency ε > 1. When natural mortality
(µ0) is taken into account, the value of the left hand side in Eq. (46) would reduce further,
requiring even larger values of ε. Perfect scale-invariant solutions are ecologically infeasible, so
what happens instead?

Losses caused by to reproduction efficiencies ε < 2 need to be compensated by accelerated
growth or reduced mortality, i.e. reduced physiological mortality over some phase of life history,
typically in the immature phase. In the current model, specific physiological mortality before
maturation depends only on body size, not on species identity. Therefore, if specific physiological
mortality is reduced for one species over a given body size range, so as to increase abundances by
2/ε compared with the unmodified case, it will lead to an increase of abundances by 2/ε for all
other species covering this range too, effectively compensating their inefficiency in reproduction.
Species covering a larger body-size range can therefore exploit conditions generated by other
species contained within this range (this may be one of the reasons why large body-size ranges
are encountered in nature).

The resulting picture for the case of fish is illustrated in Fig. 3: as hatchling size, m0, is
approximately the same for all fish (Cury and Pauly, 2000), independent of maturation size,
specific physiological mortality will be reduced only within a size range covered by the smallest
species. Larger species are affected only in early life history. For most fish species, setting ε = 2
and assuming the universal population structure given by Eq. (33) will therefore yield legitimate
approximations of the true population structure, provided it can be shown that the effects of
deviations from this structure at small body sizes are negligible.

This picture explains the discrepancies between the simulation results of Hartvig et al. (2011)
and their analytic equilibrium theory, which predicts another value for ã. Specifically, the scenario
sketched in Fig. 3 agrees with simulations by Hartvig et al. (2011) (i) in the predicted deformation
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Figure 3: Schematic representation of intrapopulation size distributions. Body-mass ranges are
exaggerated. Curves show the density of a population’s biomass along the logarithmic size axis,
given by m2Nj(m) up to a constant factor. Solid lines correspond to scale-invariant distribu-
tions, which have a small-size tail scaling as m1−n (dash-dotted line) by Eqs. (16), (34), (37).
Dashed lines represent conceivable corrections due to reproductive losses. Because juvenile spe-
cific physiological mortality, which controls the local slope of the curves, does not depend on
species identity, corrections for all species occur in the same size range.

of population structures for the smallest individuals, (ii) in its prediction for the scaling of
offspring abundance with maturation size (corresponding to ã = 1), (iii) in its prediction of
power-law scaling of survival to a give size corresponding to ã = 1 after a short phase of lower
mortality. See Hartvig et al. (2011) for details.

Outside the range covered by fish, one can expect other regions on the logarithmic body-size
axis where ã is depleted relative to 1, so as to compensate for inefficient reproduction of the
species overlapping these regions, and values of ã near 1 in between. The locations and relative
proportions of these regions on the body size axis are currently unclear. On the condition that
most species in a community cover wide ranges in body size, few regions of depleted ã will be
necessary to compensate for ε < 2; and these will, for most maturation size classes, fall outside
their adult size ranges.

This completes the characterisation of the model’s steady state. In what follows, the response
of this steady state to perturbations will be evaluated in a linear approximation. To understand
the impact of short regions of depleted ã on the logarithmic body-size axis, some critical calcu-
lations below will be carried out along two tracks: first for the general case of arbitrary ε ≤ 2,
m0(m∗) and resulting forms for g(m,m∗), µp(m), and N(m,m∗), taking the considerations above
into account, and then for the scale-invariant case of ε = 2, m0(m∗)� m∗, with scale-invariant
N(m,m∗) and life-history parameters. It will be argued that, as far as regions of depleted specific
physiological mortality fall outside the adult body-size ranges of species, the scale-invariant case
is a reasonable approximation of the general case. To aid orientation of the reader, the terms
general and scale-invariant are italicised in the subsequent Section VI when used with this par-
ticular meaning. Later, an additional simplification µ0 = 0 is introduced for the scale-invariant
case, which is then explicitly stated.

27



VI Derivation of the Species Size-Spectrum Model

VI.A General framework

As an effective and accurate method to reduce models for the dynamics of interacting structured
populations to models in which each population is described by a single variable only (e.g.
population biomass), Rossberg and Farnsworth (2011) introduce the quasi-neutral approximation
(QNA). The QNA for a system of S structured populations, described by vectors nj = nj(t)
of abundances by stage (1 ≤ j ≤ S), satisfying dnj/dt = Aj(n1, . . . ,nS)nj with a density-
dependent population matrix Aj(n1, . . . ,nS), can be carried out by following a simple recipe.
(1) Obtain an approximate description of the community steady state, and use it to construct
for each species j an approximation of its steady-state population matrix Aj , i.e. a constant
matrix of transition rates between different population stages in the community steady state.
Ensure that, because the system is in steady state and populations neither grow nor decay on
average, all matrices Aj have an eigenvalue zero. (2) Compute the eigenvector wj and adjoint
eigenvector vj corresponding to eigenvalue zero for each Aj , choosing normalisations such that
the equilibrium population structure wj corresponds to a population of unit size (e.g. 1 kg of
biomass), and that vT

jwj = 1. (3) Approximate the dynamics of population sizes, defined by
Bj(t) = vT

j nj(t), as dBj/dt = vT
jA(w1B1, . . . ,wSBS)wjBj , which is an ordinary differential

equation in the variables Bj . Using this result, approximate the full community dynamics as
nj(t) ≈ wjBj(t). The components of the vectors vj are interpreted as the reproductive values
of the corresponding population stage.

VI.B Operators and eigenfunctions

Applying the QNA to obtain a simplified description of the dynamics of the density of individuals
N(m,m∗) requires adapting it to a continuum of life-history stages indexed by body mass m and
a continuum of populations characterised by maturation size m∗. Functional analysis (Sec. III)
provides the necessary formal tools. The first step of the recipe (approximation of the steady
state) has been completed in the Sec. V. To obtain a description of dynamics in a form appropriate
for the second step, the McKendrick–von Foerster Equation (15) is written as dN(m,m∗)/dt =
Lm∗N(m,m∗), where the linear operator Lm∗ , parametrised by m∗, is modified such as to include
the production of hatchlings explicitly:

Lm∗N(m,m∗) = − ∂

∂m

[
g(m,m∗)N(m,m∗)

]
−
[
µp(m) + µ0m

n−1
∗
]
N(m,m∗)

+ δ(m−m0)
ε

2m0

∫ ∞
0

N(m′,m∗)gr(m
′,m∗)dm

′. (47)

Here m0 is again understood to be a function of m∗. The boundary condition for N(m,m∗) then
becomes N(m,m∗) = 0 for any m < m0. The facts that the last term correctly enforces the origi-
nal boundary condition g(m,m∗)N(m,m∗) = Rm∗ (with Rm∗ given after obvious adjustments by
Eq. (12)) is readily verified by integrating Eq. (47) over a small interval [m0−∆m/2;m0+∆m/2].

The general steady-state transition operator Lm∗ is obtained from Lm∗ by replacing the
functions g(m,m∗), gr(m,m∗), and µp(m) with the results g(m,m∗), gr(m,m∗), and µ(m)
for a particular general steady-state community size spectrum N (m) = N (m). The null-
eigenvectors required by the QNA, i.e. the equilibrium population structures Wm∗(m) satisfying
Lm∗Wm∗(m) = 0, can be obtained as

Wm∗(m) = B−1m∗N(m,m∗), (48)
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where N(m,m∗) is N(m,m∗) evaluated at a general steady state (which may or may not be
scale-invariant), and a normalisation to unit biomass (actually biomass density) is obtained by
setting

Bm∗ =

∫ ∞
0

mN(m,m∗)dm. (49)

As for the scale-invariant case in Sec. V.E, this integral is dominated by adult individuals in
the general case as well. Therefore, for maturation size classes m∗ where the general population
structures N(m,m∗) do not differ much from the scale-invariant case in the adult range of m,
the scale-invariant form of Wm∗ is a good approximation of general Wm∗ in the adult range. In
the scale-invariant case, Wm∗ is obtained from Eqs. (48), (16), (49), and (40) as

Wm∗(m) =

{
m−2∗ B̃−1totÑ(m/m∗) for m ≥ m0,

0 for m < m0,
(50)

with Ñ(m/m∗) given by Eq. (33) and B̃tot standing as shorthand for B̃tot(m0/m∗).

For populations described by a finite number of stages (Sec. VI.A), the steady-state population
matrices Aj only have a finite number of eigenvalues. The eigenvalue 0, assumed to be the one
with the largest real part and to have multiplicity one, is therefore always separated by a gap
from the real parts of the other eigenvalues. This leads to a separation between the time-scales
of intraspecific and interspecific population dynamics that is exploited in the QNA. However,
when populations are described by a continuum of life-history stages, as is the case here, the
corresponding linear operator Lm∗ has an infinite number of eigenvalues. Thus, the existence
of a spectral gap between 0 and the other eigenvalues is not guaranteed. In Appendix A, the
spectrum of operator Lm∗ is studied for a numerical example of the scale-invariant case. It
is concluded that indeed 0 is the unique eigenvalue of Lm∗ with largest real part, and that all
other eigenvalues have real parts smaller than −1×(mortality of the largest individuals of the
population). These observations can plausibly be expected to generalise to the general class of
operators Lm∗ considered here, so the eigenvalue zero will be separated from the sub-dominant
eigenvalues by a gap of size µ(m∗/η) + µ0m

n−1
∗ . The resulting separation of time-scales is

estimated in Sec. IX.E below.

To obtain the adjoint eigenvectors (here eigenfunctions), the adjoint linear operator L+

m∗
of

Lm∗ needs to be computed. Application of the method described in Sec. III yields

L+

m∗
V (m) =g(m,m∗)

∂V (m)

∂m
−
[
µ(m) + µ0m

n−1
∗
]
V (m)

+ g
r
(m,m∗)

ε V (m0)

2m0
.

(51)

Following the general prescription (Sec. VI.A), the reproductive value of an individual of size
m and maturation size m∗ is given by the solution Vm∗(m) of L+

m∗
V (m) = 0, subject to the

normalisation condition 〈Vm∗ |Wm∗〉 = 1. As, for any species of maturation size class m∗, the
equilibrium density of individuals along the m axis for a population of unit biomass is given
by Wm∗(m), the equilibrium density of reproductive value for a unit population along the m
axis is given by the product Vm∗(m)Wm∗(m). Multiplying this with the equilibrium growth rate
g(m,m∗) gives the equilibrium flow of reproductive value along the size axis for a unit population,

Jm∗(m)
def
= g(m,m∗)Vm∗(m)Wm∗(m). It is readily verified using Lm∗Wm∗ = L+

m∗Vm∗ = 0 and
Eqs. (47), (51) that for m > m0
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dJm∗
dm

=
d

dm

[
g(m,m∗)Vm∗(m)Wm∗(m)

]
= −εVm∗(m0)

2m0
g
r
(m,m∗)Wm∗(m). (52)

That is, until maturation, Jm∗(m) is constant and then it declines. Obviously, Jm∗(m) = 0 for
m < m0 and m ≥ m∗/η. Therefore, one can compute general reproductive values from a given
general population structure Wm∗(m) by integrating Eq. (52) as

Vm∗(m) =
1

Cm∗g(m,m∗)Wm∗(m)

∫ m∗/η

m

g
r
(m′,m∗)Wm∗(m

′)dm′, (53)

where the correct normalisation 〈Vm∗ |Wm∗〉 = 1 is assured by setting

2m0

εVm∗(m0)
= Cm∗ =

∫ m∗/η

m0

1

g(m,m∗)

∫ m∗/η

m

g
r
(m′,m∗)Wm∗(m

′)dm′dm. (54)

An important observation now is that, because g(m,m∗) scales as mn with n < 1 for m� m∗,
and g

r
(m,m∗) is localised near m∗, the integral over m in Eq. (54) is dominated by contributions

from large m. The value of Cm∗ therefore depends only on Wm∗(m) and the size spectrum near
m∗, and these will often be well approximated by the scale-invariant forms.

If natural mortality (µ0) is negligible in the scale-invariant case, Eq. (53) evaluates by ma-
nipulations similar to Eq. (45) to the simple form

Vm∗(m) = m. (55)

In this approximation, reproductive value therefore exactly equals body mass. This result is
most easily verified by directly confirming L+

m∗
V (m) = 0 and 〈Vm∗ |Wm∗〉 = 1. The simplicity of

this result allows carrying out the QNA analytically, which is done in the next section.
A generalisation of Eq. (55) to the case with natural mortality gives an enhancement of

reproductive value by an amount of the order of magnitude mµ0/g̃0 for old individuals, and a
corresponding proportional reduction for all others. As this does not much affect the overall
structure of Vm∗(m), natural mortality is not considered further in detail below.

VI.C Reduced dynamics

Following the recipe of the QNA, define a reduced description B(m∗) of the community state as

B(m∗) = 〈Vm∗ |N(·,m∗)〉 =

∫ ∞
0

Vm∗(m)N(m,m∗)dm (56)

for an arbitrary, time-dependent distribution of individuals N(m,m∗). In the approximation
that reproductive value equals body mass, the function B(m∗) approximates the time-dependent
distribution of biomass over maturation body sizes. To the accuracy of the QNA, the dynamics
of B(m∗) follow

1

B(m∗)

∂B(m∗)

∂t
= 〈Vm∗ |Lm∗Wm∗〉

=

∫ ∞
0

Vm∗(m)

{
− ∂

∂m

[
g(m,m∗)Wm∗(m)

]
−
[
µp(m) + µ0m

n−1
∗
]
Wm∗(m)

}
dm

+
εVm∗(m0)

2m0

∫ ∞
0

Wm∗(m)gr(m,m∗)dm,

(57)
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where g(m,m∗), gr(m,m∗), and µp(m) are evaluated for a variable size spectrum given by

N (m) =

∫ ∞
0

B(m∗)Wm∗(m)dm∗. (58)

By Eq. (57), one can read 〈Vm∗ |Lm∗Wm∗〉 as the momentary growth rate of biomass in maturation
size class m∗.

In the scale-invariant case without natural mortality (µ0 = 0), the simple results (50) and (55)
for the null-eigenfunctions hold and the right-hand side of Eq. (57) simplifies through integration
by parts to

〈Vm∗ |Lm∗Wm∗〉 =

∫ ∞
m0

[g(m,m∗) + gr(m,m∗)−mµp(m)]
Ñ(m/m∗)

m2
∗B̃tot

dm

=

∫ ∞
m0

[(αf(m)h− k)mn −mµp(m)]
Ñ(m/m∗)

m2
∗B̃tot

dm.

(59)

The second step implies that the density-dependencies of investments into somatic and repro-
ductive growth are here equivalent in their population-dynamic effects. This is remarkable when
recalling that the causal chains through which these effects are achieved are fundamentally dif-
ferent.

Careful inspection reveals that Eq. (59) holds to a good degree also in the general case. To
see this, observe first that, using L+

m∗
Vm∗(m) = 0, Eqs. (51) and (54),

∂Vm∗(m)

∂m
= Vm∗(m)

[
a(m,m∗)

m
−

g
r
(m,m∗)

Cm∗g(m,m∗)Vm∗(m)

]
, (60)

where a(m,m∗)
def
= m[µp(m) + µ0m

n−1
∗ ]/g(m,m∗) is the steady-state specific physiological mor-

tality. Then integrate the somatic growth term in Eq. (57) by parts, eliminate ∂Vm∗/∂m through
Eq. (60), and, finally, eliminate ε using Eq. (54), to obtain

〈Vm∗ |Lm∗Wm∗〉 =

∫ ∞
0

g(m,m∗)Vm∗(m)Wm∗(m)
a(m,m∗)− a(m,m∗)

m
dm

+

∫ ∞
0

Wm∗(m)

Cm∗

[
gr(m,m∗)g(m,m∗)− gr(m,m∗)g(m,m∗)

g(m,m∗)

]
dm

=

∫ ∞
0

g(m,m∗)Vm∗(m)Wm∗(m)
a(m,m∗)− a(m,m∗)

m
dm.

=

∫ ∞
0

Jm∗(m)
a(m,m∗)− a(m,m∗)

m
dm+ h.o.t.

(61)

with a(m,m∗)
def
= m[µp(m) + µ0m

n−1
∗ ]/g(m,m∗). In the second step the second integral van-

ishes because the term in brackets becomes zero when inserting the definitions of g(m,m∗) and
gr(m,m∗) in Eqs. (23), (24). Below, only effects linear in deviations of growth, reproduction and
mortality from the steady-state rates will be investigated, and to linear order one can substitute
g(m,m∗) by g(m,m∗) in the remaining integral, so g(m,m∗)Vm∗(m)Wm∗(m) reduces to Jm∗(m)
in the last line, up to higher order contributions indicated by h.o.t.

Denote by B(m∗) the equilibrium values of the reduced dynamic variables B(m∗) defined in
Eq. (56). To investigate the community response to perturbations of this equilibrium state, the
linearization of 〈Vm∗ |Lm∗Wm∗〉 for small deviations ∆B(m∗) = B(m∗)−B(m∗) from this state
is now constructed. Specifically, an integral kernel K(m∗,m

′
∗) is sought such that
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〈Vm∗ |Lm∗Wm∗〉 =

∫ ∞
0

K(m∗,m
′
∗)∆B(m′∗)dm

′
∗ + h.o.t., (62)

with h.o.t. denoting higher order terms in ∆B. As 〈Vm∗ |Lm∗Wm∗〉 depends on B(m∗) only
through the size spectrum N (m), the chain rule for functional derivatives can be applied before
using Eqs. (58) and (61) to obtain

K(m∗,m
′
∗) =

δ 〈Vm∗ |Lm∗Wm∗〉
δB(m′∗)

=

∫ ∞
0

δ 〈Vm∗ |Lm∗Wm∗〉
δN (m′)

δN (m′)

δB(m′∗)
dm′

=

∫ ∞
0

∫ ∞
0

Jm∗(m)

m

δa(m,m∗)

δN (m′)
Wm′∗

(m′)dmdm′

=

∫ ∞
0

∫ ∞
0

Jm∗(m)

m[1− ψ(m/m∗)]

δ[1− ψ(m/m∗)]a(m,m∗)

δN (m′)
Wm′∗

(m′)dm′dm.

(63)

This expression needs to be evaluated at the equilibrium state. By multiplying a(m,m∗) with
[1− ψ(m/m∗)] in the last step, a divergence of a(m,m∗) at the size of the largest adults caused
by cessation of growth, Eq. (24), is suppressed. This effectively removes the distinction between
somatic and reproductive growth. The division by [1 − ψ(m/m∗)] in the first factor of the
integrand cancels with a corresponding factor entering Jm∗(m) = g(m,m∗)Vm∗(m)Wm∗(m)
through g(m,m∗), and therefore does not cause a divergence for large adults. Equations (57),
(62), and (63) together specify the QNA for the general case.

To understand to what extent deviations from scale-invariance affect Eq. (63), it is useful
to investigate how the value of the integrand scales for small m and m′ while m > m0(m∗),
m′ > m0(m′∗). As Jm∗(m) is constant for small m, the first factor scales as m−1. The second
factor describes the dependence of the specific physiological mortality of individuals of size m
on the density of individuals of size m′. The body-size ratios of interacting individuals are
constrained by the predator-prey size-ratio window s(x). The second factor will therefore be
significantly different from zero only when m and m′ are of roughly similar magnitude. For
such a situation, the functional derivative operator δ/δN (m′) shows the same scaling behaviour
as δ(m −m′)/N (m′), with δ(m −m′) denoting Dirac’s delta functional (as can be verified by
evaluating the derivative). The operand [1−ψ(m/m∗)]a(m,m∗) will be of the order of magnitude
of one, even in the general case. In the scale-invariant case, the last factor grows for small m′

as (m′)−n−1 by Eqs. (50), (34), (37). In the general case, it may grow slower to accommodate
inefficient reproduction (Sec. V.G), but it will never grow faster. After performing the integration
over m′, the integrand does therefore not increase faster than m−1 ×mλ ×m−n−1 = mλ−n−2

for small m. Small m dominate the integral if the integrand increases faster than m−1, implying
that λ < 1 + n. This is unlikely to be the case, because it violates a condition for the existence
of a scale-invariant steady state (Sec. V.D). Therefore, the integrand is generally dominated by
contributions where m and m′ are of similar order of magnitude as m′∗.

These considerations have two important implications. As explained in Sec. VI.B, general
Jm∗(m) and Wm∗(m) can be approximated by their scale-invariant forms in the adult range, at
least as long as m∗ is not in a size range of depleted specific physiological mortality. Further,
Jm∗(m) attains in the juvenile range a constant value that depends only on the life-history pa-
rameter in the adult range. The first implication is therefore that, except for cases where m∗
or m′∗ are in or near one of the regions of depleted specific physiological mortality described in
Sec. V.G, the right-hand-side of (63) can be approximated by the corresponding scale-invariant
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form. Because contributions from small m and m′ do not dominate the integral, a second con-
sequence is that the mathematical limit m0(m∗),m0(m′∗) → 0 of infinitely small offspring is
regular and approximates the case of general but small m0(m∗)/m∗. The calculations are there-
fore continued from here on using the simplifying approximations of scale-invariant population
structures with m0(m∗) → 0 for any m∗. To simplify matters further, natural mortality is not
taken into consideration (µ0 = 0), as it has only minor effects on dynamics (see also Hartvig
et al., 2011).

Therefore, starting from Eq. (59) and making use of Eq. (50) for scale-invariant population
structures,

K(m∗,m
′
∗) =

δ 〈Vm∗ |Lm∗Wm∗〉
δB(m′∗)

=

∫ ∞
0

δ 〈Vm∗ |Lm∗Wm∗〉
δN (m′)

δN (m′)

δB(m′∗)
dm′

=

∫ ∞
0

{∫ ∞
0

[
αhmn δf(m)

δN (m′)
−m δµp(m)

δN (m′)

]
Ñ(m/m∗)

m2
∗B̃tot

dm

}
Ñ(m′/m′∗)

m′∗
2B̃tot

dm′.

(64)

The functional derivatives of f(m) and µp(m) can be evaluated based on results of Sec. V.B.
For the eutrophic regime, one obtains

δf(m)

δN (m′)
=

h

γφ̃2
m′m2λ+n−q−4s

(
ln
m

m′

)
(65)

and

δµp(m)

δN (m′)
=
h

φ̃

[
s

(
ln
m′

m

)
− 1

I1
Σ

(
ln
m′

m
,λ− 4 + n

)]
m′

λ+n−2
, (66)

using I1 = ŝ
(
i(λ− 2)) as above and the abbreviation

Σ(y, c) =

∫ ∞
0

xcs(lnx)s(y + lnx)dx

=

∫ ∞
−∞

e(c+1)us(u)s(y + u)du.

(67)

In Eq. (66), the first term in brackets describes direct predation mortality, the second term a
release from predation pressure in the presence of other prey of similar size. It follows from the
condition γm2+q−λφ̃� hmn, which defines the eutrophic regime, that the functional derivative
of f(m′) in Eq. (64) will generally be negligible compared with that of µp(m

′). It is discarded
hereafter.

In the oligotrophic regime,

δf(m)

δN (m′)
=

γh

(γφ̃+ h)2
m′mq−ns

(
ln
m

m′

)
(68)

and, using Eq. (38),

δµp(m)

δN (m′)
=

γh

γφ̃+ h

[
s

(
ln
m′

m

)
− k

h(αI1 − I2)
Σ

(
ln
m′

m
, q − 2

)]
m′

q
. (69)

To simplify Eq. (64), define first the individual-level interaction kernel
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κ0

(
ln
m

m′

)
=
m′
−λ−n+2

m

[
αhmn δf(m)

δN (m′)
−m δµp(m)

δN (m′)

]
. (70)

It follows from Eqs. (66) to (69) that the right-hand-side of Eq. (70) does indeed depend only on
the ratio m/m′. Further, let

β̃(w) = B̃−1tote
2wÑ(ew) (71)

describe the scale-free distribution of a species’ biomass over the logarithmic body-mass axis for
m0, x0 → 0, normalised to

∫∞
−∞ β̃(w)dw = 1. Equation (64) can then be re-written in terms of

convolution integrals by performing the substitutions m = e−wm∗ and m′ = e−vm∗, which yield,
after some calculation,

K(m∗,m
′
∗) = m−ν∗

∫ ∞
−∞

∫ ∞
−∞

eνvκ0(v − w)β̃(−w)β̃

(
−v + ln

m∗
m′∗

)
dw dv

= m−ν∗ [κ ∗ β̃]

(
ln
m∗
m′∗

)
,

(72)

with the abbreviations ν = 3− λ− n and

κ(v) = eνv[κ0 ∗ β̃−](v), (73)

where β̃−(v)
def
= β̃(−v).

In order to fully go over to logarithmic scales, introduce the scale-invariant interaction kernel

K̃(w) = B̃tot [κ ∗ β̃](w), (74)

and a logarithmic mass axis u = ln(m∗/M) where M denotes a unit mass (e.g. M = 1 g).
Deviations b(u) from the distribution of biomass on the u-axis from the power-law steady state
are given by

b(u) = Meu∆B(Meu). (75)

The density-dependent growth rate, given by Eq. (62), then becomes, up to higher-order terms,

〈Vm∗ |Lm∗Wm∗〉 = B̃−1totm
−ν
∗ [K̃ ∗ b]

(
ln
m∗
M

)
=

mn−2
∗

Btot(m∗)
[K̃ ∗ b]

(
ln
m∗
M

)
,

(76)

where Eq. (40) was applied in the second step.
The response of size spectra to external perturbations is of great practical interest: here

we concentrate on the effects of fishing. Assume a size-selective fishing regime that enhances
mortality of individuals by up to F over a range centred at mF with logarithmic width σF; that is,
next to predation and natural mortality, there is additional mortality µF(m) = FWσF

(lnm/mF)
with the Gaussian window WσF

(x) defined in Sec. III. Putting this into Eq. (57) and using
Eqs. (50) and (71) leads, in the limit m0 → 0, in addition to natural community dynamics, to a
pressure on populations with maturation size m∗, corresponding to a rate of decline (dimension
1/Time):
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∫ ∞
0

mµF(m)Wm∗(m)dm = F

∫ ∞
−∞

WσF

(
u+ ln

m∗
mF

)
β̃(u)du

= F

∫ ∞
−∞

WσF

(
−u+ ln

m∗
mF

)
β̃−(u)du

= F
[
WσF ∗ β̃−

](
ln
m∗
mF

)
.

(77)

One can then, by applying Eqs. (76), (75), and B(m∗) = ∆B(m∗) + Btot(m∗) to Eq. (57)
and including of the effect of fishing, Eq. (77), express system dynamics in response to fishing
pressure that sets in at t = 0, with the integro-differential equation

∂b(u)

∂t
= (Meu)

n−1
[
K̃ ∗ b

]
(u)− (Meu)

2−λ
Φ(u)Θ(t), (78)

where

Φ(u) = B̃tot F
[
WσF

∗ β̃−
] (
u− ln

mF

M

)
(79)

describes the fishing pressure, and Θ(t) denotes the unit step function: Θ(t) = 0 for t < 0 and
Θ(t) = 1 for t ≥ 1. If fishing was specific to the maturation size of species rather than to the
size of individuals, Eqs. (79) would be modified to

Φ(u) = B̃tot F WσF

(
u− ln

mF

M

)
. (80)

Equation (78) represents the Species Size-Spectrum Model. It describes the dynamics of de-
viations of the size spectrum from the steady state in the linearised quasi-neutral approximation.
Linearised versions of other size-spectrum models proposed in the literature would assume simi-
lar forms. The main difference between these models lies in the interaction kernels they contain.
In practice, the interaction kernel derived here, K̃(w) = B̃tot [κ ∗ β̃](w), is best evaluated via its
Fourier transform

K̂(ξ) = B̃totκ̂(ξ)β̂(ξ) = B̃totκ̂0(ξ + νi) β̂(−ξ − νi)β̂(ξ), (81)

which follows from Eq. (73), (74) and some manipulations of convolution integrals.
Making use of Eq. (70), the preceding explicit formulae (65) to (69) for the functional deriva-

tives, and the observation that the Fourier transform of Σ(y, c) with respect to y is

Σ̂(ξ, c) = ŝ (−ξ + (c+ 1)i) ŝ (ξ) (82)

gives the Fourier transform of the individual-level interaction kernel

κ̂0(ξ) =
h

φ̃

[
−[ŝ(ξ∗)]∗ +

ŝ(ξ − νi)[ŝ(ξ∗)]∗

ŝ ((λ− 2)i)

]
(83)

in the eutrophic regime and

κ̂0(ξ) =
αh2γ

(γφ̃+ h)2
ŝ(ξ − νi)− γh

γφ̃+ h
[ŝ(ξ∗)]∗ +

γ2Ñh

(γφ̃+ h)2
ŝ(ξ − νi)[ŝ(ξ∗)]∗ (84)

in the oligotrophic regime. The last expression can be brought into alternative forms by using
the identity

γÑ
γφ̃+ h

=
k

h(αI1 − I2)
, (85)

which follows from results in Sec. V.
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VI.D Food-web effects

Simulations show that Eq. (78) with the kernel given by (74) is structurally unstable, as indicated
in Sec. (V.A). As a result of combining coarse-graining with the mean-field approximation, the
equation effectively describes competition among a continuum of species along the species-size
axis. This destabilises the system by mechanisms similar to those involved in the scenarios
described by Pigolotti et al. (2007), leading ultimately to a breakup of the continuum into a
set of distinct species (isolated spikes on the size axis). In real communities, this distinct set
of species is already established and, as a result, dynamics will be modified. Deriving these
modifications of dynamics from first principles would require a better understanding of food-web
structure and dynamics than we currently have. But the following heuristic arguments suggest
the general pattern that can be expected.

Consider perturbations of b(u) of the form ι sin(ξu+ψ) with small amplitude ι and arbitrary
phase ψ. For species randomly distributed along the u-axis and sufficiently small wavelengths
2π/ξ, the perturbations received by each species become uncorrelated. Such short-wavelength
perturbations of the size spectrum are therefore effectively equivalent to random perturbations
with a distribution independent of the of wave-number ξ and, relative to species biomass, in-
dependent and identical among species. The relaxation of the system from such perturbations
to the equilibrium state (or the attractor) can be expected to be rather complicated in detail
and involve a range of time-scales (Rossberg and Farnsworth, 2011), but, as a simple model,
linear relaxation at a constant rate proportional with mn

∗ and independent of ξ (if large enough)
should provide an appropriate picture. Unfortunately, these heuristic considerations do not pro-
vide a value for the relaxation rate, except for the general principle that rates become larger
for larger B̃tot. Because the community effect of perturbations of food-web nodes is typically
diffuse (Yodzis, 1998) and decays swiftly with the degree of separation from the perturbed node
(Berlowa et al., 2009), a periodic perturbation has effectively a random effect when the wave-
length 2π/ξ is small compared to the typical distance in u among the main prey and predators of
a species. As wavelengths become larger—and wave-numbers ξ smaller—these food-web effects
will gradually subside. Food-web effects might therefore be modelled by adding a correction of
the form −rB̃tot[1− exp(−σ2

rξ
2/2)] to the Fourier transform of the interaction kernel K̂(ξ). The

constant σr controls the cutoff-wavelength for food-web effects. The relaxation-rate constant r
has the same dimensions as the search-rate coefficient γ, and it may therefore be assumed to be
of comparable magnitude, presumably somewhat smaller (Rossberg and Farnsworth, 2011).

Back-transforming, this leads to a corrected interaction kernel

K̃(w) = B̃tot

{[
κ ∗ β̃

]
(w) +X(w)

}
, (86)

with food-web effects being given by

X(w) = −r
[

1√
2πσr

exp

(
− w2

2σ2
r

)
− δ(w)

]
. (87)

VII Solution of the Species Size-Spectrum Model

The factor (Meu)n−1 in Eq. (78) expresses the slowing-down of effective ecological activity of
larger species attributable to allometric scaling of metabolic rates. This factor makes the solution
of Eq. (78), either numerically or analytically, difficult. Datta et al. (2010) and Capitán and
Delius (2010) avoided this problem by imposing conditions equivalent to n = 1, and hence
absence of allometric scaling of metabolism. Three analytical approaches that do not require
this constraint will be explored here.
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VII.A Approximation for times shortly after onset of fishing

For the time before the onset of fishing, assume an unperturbed power-law size spectrum, b(u) =
0. Shortly after the onset at t = 0, when b(u) is still close to zero, the first term on the right-
hand side of Eq. (78) will be small compared with the second term. Disregarding the first term,

the solution of Eq. (78) can be approximated as b(u) ≈ − (Meu)
2−λ

Φ(u)t. This corresponds
to a depletion of populations in response to fishing without consideration of density-dependent
effects. Early density-dependent responses by prey and predators can be obtained by putting this
first-order approximation into Eq. (78) and integrating in time, which leads to the second-order
approximation

b(u) = − (Meu)
2−λ

Φ(u) t− 1

2
Mn+1−λe(n−1)u

{
K̃(u) ∗

[
e(2−λ)uΦ(u)

]}
t2 + h.o.t. (88)

Here h.o.t. stands for higher-order terms in t, which could be computed by iterating this proce-
dure. However, it is quite likely that this series expansion in t would not converge for any value
of t. Inclusion of higher order terms would then not generally improve the approximation. It
is valid only asymptotically, as t → 0. To describe the system’s long-term response to fishing,
other approaches are required.

VII.B Tentative steady-state solution

An idea that comes to mind for understanding the long-term dynamics of Eq. (78) is to consider
its steady-state (∂b/∂t = 0). A formal steady-state solution b(u) = b0(u) is easily derived.
Dividing the right-hand side of Eq. (78) by (Meu)n−1 and Fourier transforming, it becomes

0 = K̂(ξ)b̂0(ξ)−MνΦ̂(ξ + νi), (89)

with K̂(ξ) denoting the Fourier transform of K̃(u) and Φ̂(ξ) = B̃totFŴσF
(ξ) β̂(−ξ) exp

(
−iξ ln mF

M

)
the Fourier transform of Φ(u). As K̂(ξ) generally has no zeros on the real ξ axis, we can solve
for

b̂0(ξ) =
MνΦ̂(ξ + νi)

K̂(ξ)
, (90)

from which b0(u) is obtained by back-transforming. However, care must be taken, because not
all steady-state solutions b(u) necessarily have a Fourier transform. To understand why, the
analytic properties of K̂(ξ) need to be discussed.

VII.C The roles of complex poles and zeros of K̂(ξ)

Consider, for some complex ξ ∈ C, the convolution integral

K̃(u) ∗ eiξu =

∫ ∞
−∞

K̃(v)ei(u−v)ξdv = eiuξ
∫ ∞
−∞

K̃(v)e−iξvdv. (91)

The integral exists if and essentially only if |K̃(u)| decays faster than |eiξu| = e−u Im ξ as u→ ±∞,
with ± given by the sign of Im ξ. If the integral exists, it equals e−u Im{ξ} times the analytic
continuation of the Fourier transform K̂(ξ) into the complex plane. The range of Im ξ values over
which Eq. (91) converges determines a stripe in the complex plane, parallel to and covering the
real axis. Typically, as is the case here, the stripe is limited by poles of K̂(ξ), which correspond
to exponentially decaying ‘tails’ of K̃(u) as u→ ±∞. To find these poles, recall that

37



K̂(ξ) = B̃totκ̂0(ξ + νi) β̂(−ξ − νi)β̂(ξ)− rB̃tot[1− exp(−σ2
rξ

2/2])], (92)

and that β̂(ξ) has a pole at ξ = −(1 − n)i because of the hatchling tail of Ñ(x), Eq. (34), and
possibly more poles farther from the real axis. This is the only source of poles of K̂(ξ). The
Fourier transform κ̂0(ξ) of κ0(w) is an entire function by Eqs. (83) and (84) and the assumption
that ŝ(ξ) is an entire function. In the oligotrophic regime K̂(ξ) therefore has poles at ξ = −(1−n)i
and ξ = (q − n)i, corresponding to decays of K̃(u) as e(1−n)u for u → −∞ and as e−(q−n)u for
u→∞, and these two poles generally limit the range over which the integral (91) exists. In the

eutrophic regime the pole ξ = (1− n− ν)i of β̂(−ξ − νi) coincides with a zero of κ̂0(ξ + νi) by

Eq. (83), eliminating the corresponding pole of K̂(ξ), but other poles of β̂(−ξ− νi) may persist.
Denote by Ξ the maximal (open) stripe in the complex plane parallel to the real axis for which
K̂(ξ) is analytic (Ξ = {ξ : −(1− n) < Im ξ < q − n} in the oligotrophic regime).

Now, if ξ0 ∈ Ξ is a complex zero of K̂(ξ), and A0 is any complex number, then with every
solution b0(u) of Eq. (78), b(u) = b0(u)+A0 exp(iξ0u) is, by Eq. (91), a solution of Eq. (78), too.
Such additional exponential terms do not have finite Fourier integrals for any ξ, and therefore
cannot be found using Eq. (90). The correct choice of these corrections to the Fourier-transform
solution b0(u) of (78) follows, as for corresponding problems in physics (Jackson, 1962), from
causality considerations: the corrections should be added if localised perturbations trigger waves
or fronts that increase in magnitude as they propagate towards |u| → ∞. However, because
of the factor (Meu)n−1 in Eq. (78), standard methods for deciding when to make these correc-
tions cannot be applied directly. Instead, this problem will here be (partially) solved by first
investigating explicitly time-dependent solutions of Eq. (78).

VII.D Analytic approximation of time-dependent size-spectrum dy-
namics

Above, it was explained how complex zeros of K̂(ξ) lead to complications when solving Eq. (78).
The idea of the approach described in this section is that, under certain conditions, the dynamics
of b(u) can indeed be dominated by the effects of these zeros. For example, it is evident from

Eq. (90) that the Fourier-transform b̂0(ξ) of the steady-state solution b0(u) derived there generally
has poles wherever K̂(ξ) has zeros. These poles are likely to have strong effects when the
inhomogeneity (the fishing term) in Eq. (78) is not too broadly spread out on the logarithmic
species size axis, i.e. if its Fourier-transform is not too localised along the real ξ axis. Specifically,
the spread σF should be smaller than the typical logarithmic predator-prey size ratio, that is,
fishing should not target more than about two trophic levels. This is often the case in practice.

First, only zeros of K̂(ξ) within the stripe Ξ are considered. Denote by ξ1, ξ2, . . . an enumer-
ation of these zeros (which may be finite or infinite in number). To isolate the effect of these
zeros on the time-dependent solution of Eq. (78), we seek a representation of the solution in the
form

b(u, t) = bc(u, t) +
∑
j

aj(u, t) exp(iξju), (93)

with the functions bc(u, t) and aj(u, t) to be specified below. The condition that b(u, t) is real-
valued requires that aj(u, t) = (ak(u, t))∗ when ξj = −ξ∗k (the asterisk ∗ denotes complex conju-
gation).

Eliminating b in Eq. (78) by Eq. (93), one obtains an equation for bc,
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∂bc(u, t)

∂t
= (Meu)

n−1
[
K̃ ∗ bc

]
(u, t) + (Meu)

n−1
Ψ(u, t), (94)

with

Ψ(u, t) = − (Meu)
ν

Φ(u)Θ(t) +
∑
j

∫ ∞
−∞

K̃(u− v)aj(v, t)e
iξjv dv

−
∑
j

(Meu)
1−n ∂aj(u, t)

∂t
eiξju. (95)

The condition for choosing the functions aj(u, t) is now that they should vary slowly in u in a

sense explained below, and that, even in the limit t→∞, the Fourier-transform b̂c(ξ, t) of bc(u, t)
exists and can be continued analytically into Ξ. This implies that, even in the limit t → ∞,
bc(u, t) decays at least as fast as K̃(u) for u→ +∞ and −∞, i.e. bc(u, t) is at least as localised
as K̃(u). The impacts of fishing on species much smaller or larger than the target species should
then be completely captured by the functions aj(u, t).

The strategy to achieve this goal is to assure that the Fourier-transform Ψ̂(ξ, t) of Ψ(u, t) has
zeros at the points ξk ∈ Ξ at all times, so as not to excite these modes in bc(u, t). This gives the
condition

0 = Ψ̂(ξk, t), (96)

and one can require Ψ̂(ξ, t) to be small also in the vicinity of these points. An interesting
implication of this condition stems from the Fourier-transform of the convolution integral in
Eq. (95). Let ζ be an arbitrary complex number in Ξ. Using information about the exponential
decay of K̃(u) as u→ ±∞ derived above and the fact that

∫∞
−∞ K̃(u) exp(−iξju)du = K̂(ξj) = 0,
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one finds that∫ ∞
−∞

e−iζu
∫ ∞
−∞

K̃(u− v)aj(v, t)e
iξjv dv du

becomes, after multiplying and dividing by eiξju

=

∫ ∞
−∞

ei(ξj−ζ)u
∫ ∞
−∞

K̃(u− v)aj(v, t)e
−iξj(u−v) dv du,

after integrating by parts in v

=

∫ ∞
−∞

ei(ξj−ζ)u
∫ ∞
−∞

∫ u−v

−∞
K̃(w)e−iξjw dw

∂aj(v, t)

∂v
dv du,

after changing order of integration and substituting u→ u+ v

=

∫ ∞
−∞

∫ ∞
−∞

ei(ξj−ζ)(u+v)
∫ u

−∞
K̃(w)e−iξjw dw

∂aj(v, t)

∂v
du dv,

and after factoring out a constant

=

(∫ ∞
−∞

ei(ξj−ζ)u
∫ u

−∞
K̃(w)e−iξjw dw du

)(∫ ∞
−∞

ei(ξj−ζ)v
∂aj(v, t)

∂v
dv

)
.

If ξj 6= ζ, the first factor evaluates, integrating by parts in u, to

1

i(ζ − ξj)

∫ ∞
−∞

ei(ξj−ζ)uK̃(u)e−iξju du =
1

i(ζ − ξj)

∫ ∞
−∞

e−iζuK̃(u) du =
K̂(ζ)

i(ζ − ξj)
, (97)

whereas for ξj = ζ, it becomes, again integrating by parts,

−
∫ ∞
−∞

ue−iξjuK̃(u) du = −i d
dξ

∫ ∞
−∞

e−iξuK̃(u) du
∣∣∣
ξ=ξj

= −iK̂ ′(ξj), (98)

with the prime denoting the derivative with respect to the argument. Therefore, in the vicinity
of the points ζ = ξk, the Fourier-transform of the convolution integrals is either zero (or small)
by Eq. (97), or approximated by Eq. (98) when ξk = ξj .

For reasons to become clear later, define

vk = i(1− n)Mn−1K̂ ′(ξk). (99)

With respect to a Fourier-transform near ξk, the sum over convolution integrals in Eq. (95) is
then equivalent to a term −(1−n)−1vke

iξkuM1−n∂ak(u, t)/∂u. One can now attempt to choose
the functions ak(u, t) such that, with this substitution, the right hand side of Eq. (95) for Ψ(u)
vanishes identically for all u. This leads, for each k, to the condition

∂ak(u, t)

∂t
= −vke

u(n−1)

1− n
∂ak(u, t)

∂u
− (Meu)2−λe−iξkuΦ(u)Θ(t)−

∑
j 6=k

ei(ξj−ξk)u
∂aj(u, t)

∂t
. (100)
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An alternative route to Eq. (100), currently under development, employs a multiple-scale singular
perturbation formalism (Kevorkian and Cole, 1996). In this approach, the functions ak(u, t) vary
formally on slow spatial and temporal scales, admitting a gradient expansion of the convolution,
of which the derivative in u above is the lowest-order contribution.

Now, a new independent variable z = eu(1−n) is introduced, so, because dz/du = (1 −
n)eu(1−n) = (1−n)z, one gets ∂f/∂u = (∂f/∂z)(dz/du) = (1−n)z∂f/∂z for any function f(u).
Writing Ak(z, t) = ak(u, t), Eq. (100) then becomes

∂Ak(z, t)

∂t
= −vk

∂Ak(z, t)

∂z
−M2−λ z

2−λ−iξk
1−n Φ

(
ln z

1− n

)
Θ(t)−

∑
j 6=k

z
i(ξj−ξk)

1−n
∂Aj(z, t)

∂t
. (101)

When reading this equation as

∂Ak(z, t)

∂t
= −vk

∂Ak(z, t)

∂z
+Hk(z, t), (102)

it formally describes fronts that are generated by the inhomogeneity Hk(z, t) and move away
from it at a velocity vk. However, complicating matters, the velocity vk can here be a complex
numbers. Yet, for Hk(z, t) analytic in z, one can write a formal solution of Eq. (102),

Ak(z, t) =

∫ ∞
0

Hk(z − vkτ, t− τ)dτ, (103)

which is easily verified. The solution is causal: A(z, t) depends on Hk(z′, t′) only for times t′ ≤ t.
To understand this result better, consider first the hypothetical special case that Hk(z, t) =

exp(−(z − z0)2/2σ2)Θ(t)/
√

2πσ2, with arbitrary σ, z0 > 0. Then

Ak(z, t) =
Θ(t)

2vk

[
erf

(
z − z0√

2σ

)
− erf

(
z − z0 − vkt√

2σ

)]
. (104)

The error function erf(x) for complex arguments x approaches ±1 = sign Re{x} for large |x|
when |Re{x}| > | Im{x}|, but for |Re{x}| < | Im{x}| it oscillates heavily. It follows that, as
Hk(z, t) converges to δ(z − z0)Θ(t) for small σ, one can approximate

Ak(z, t) ≈ v−1k Θ(t) [Θ(z − z0)−Θ(z − z0 − Re{vk}t)]

=


+v−1k for Re{vk} > 0, t > 0 and z0 < z < z0 + Re{vk}t,
−v−1k for Re{vk} < 0, t > 0 and z0 + Re{vk}t < z < z0,

0 otherwise

(105)

when |Re{vk}| > | Im{vk}| ≥ 0. This describes a sharp front moving at velocity Re{vk} away
from z = z0. The heavy oscillations in z and t arising when |Re{vk}| < | Im{vk}| violate
the assumptions that Ak(z, t) varies slowly along z and bring Ak(z, t) outside the range of
validity of Eq. (102). Generally one would assume such oscillations to be suppressed by higher-
order derivative terms not included in Eq. (102), resulting, again, in a front moving at velocity
≈ Re{vk}. Below, Eq. (105) will be used to approximate the response of Ak(z, t) to any sharply
localised perturbation δ(z − z0)Θ(t) “switched on” at t = 0, as long as Re{vk} 6= 0. The case
Re{vk} = 0 does not generally arise and is not considered here. The approximate response of
Ak(z, t) to general Hk(z, t) can be obtained as a linear combination of solutions of the form (105).

According to Eq. (105), ∂Ak/∂t is localised at the tip of the travelling fronts generated
by inhomogeneities elsewhere on the z-axis. The last term in Eq. (101) describes secondary

41



excitations of fronts/waves by fronts pertaining to other zeros ξj . In the singular-perturbation
formalism, it arises as a higher-order correction. Its effect can be observed in simulations of the
system (see Sec. VIII.D.1 below), but is disregarded in the following analytic calculations, for
simplicity. The term containing the fishing pressure Φ(·) in Eq. (100) is then the only contribution
to Hk(z, t) and, using approximation (101), one obtains

Ak(z, t) ≈ −M
2−λΘ(t)

vk

∫ z

z1

y
2−λ−iξk

1−n Φ

(
ln y

1− n

)
dy, (106)

where z1 = max(0, z − Re{vk}t).
On the logarithmic maturation-size scale, this becomes

ak(u, t) ≈ −M
2−λΘ(t)(1− n)

vk

∫ u

u1

e(ν−iξk)wΦ (w) dw, (107)

with u1 = u1(u, t) = (1−n)−1 ln[e(1−n)u−Re{vk}t] if the expression in brackets is positive, and
u1 = −∞ otherwise. For fishing pressure specific to maturation size rather than individual size
(i.e. using Eq. (80)), the integral can be evaluated analytically, leading to

ak(u, t) ≈ −
√
πB̃totM

2−λ F σFΘ(t)(1− n)√
2vk

exp

[
(ν − iξk)uF +

(ν − iξk)2σ2
F

2

]
×
{

erf

[
(ν − iξk)σ2

F + uF − u1√
2σF

]
− erf

[
(ν − iξk)σ2

F + uF − u√
2σF

]}
, (108)

where uF = ln(mF/M) and u1 is as defined above. Once the front generated by the onset
of fishing has run over a given point u on the logarithmic species-size axis, which happens at
time t ≈ (e(1−n)u − e(1−n)uF)/Re{vk}, the expression in braces evaluates to 2 sign Re{vk}, and
the amplitude of the community response to fishing is controlled by the constant of dimension
Mass/Volume given by the first two factors in Eq.(108). The first factor accounts for the avail-
able biomass (BtotM

2−λ of dimensions Mass/Volume), the fishing pressure applied to it (FσF,
dimension 1/Time), and the rate at which this pressure is diverted to other size classes (vk, di-
mension 1/Time). The exponential function in the second factor combines the allometric scaling
laws of response rates (1− n) and available biomass (2− λ, recall ν = 3− λ− n), a weight and
phase factor exp(−iξkuF) attributable the modulation of the kth mode, and a correction factor
relevant when fishing is spread out over a broad body-mass range.

The time-dependent community response to size-selective fishing can be approximated ana-
lytically by inserting Eq. (108) into Eq. (93) and setting the localised core contribution bc(u, t) to
zero. According to this approximation, fronts travelling towards smaller body sizes (Re{vk} < 0)
accelerate and reach u = −∞, i.e. z,m∗ = 0, after the finite time t = e(1−n)uF /|Re{vk}| =
(mF/M)(1−n)/|Re{vk}|. Fronts travelling towards larger body sizes (Re{vk} > 0) decelerate
logarithmically on the u-axis. All fronts travel at constant speed on the z = (m∗/M)(1−n) axis.
If Re{vk} and Im{ξk} have the same sign, the front described by ak(u, t) exp(−iξku) travels into
the direction in which | exp(−iξku)| decreases. The contribution from ak(u, t) exp(−iξku) is then
bounded and its Fourier-transform exists. In the opposite case (sign Re{vk} 6= sign Im{ξk}), the
contribution by ak(u, t) exp(−iξku) grows beyond all bounds as time proceeds. These contribu-
tions are of the type not captured by the Fourier-transform steady-state solution Eq. (90). This
phenomenon is closely related to what the physics and engineering literature calls a convective
instability. It is characterised by the fact that, although the system response to a pulse per-
turbation remains finite at any fixed point on the u-axis, it grows beyond all bounds applicable
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uniformly for the entire infinite u-axis.8 In reality, logarithmic size u is limited from both above
and below, and the community response to perturbations remains finite. Convective instabili-
ties are distinguished from absolute instabilities, where perturbation responses grow beyond all
bounds for some given value of u. Such instabilities are conceivable also for size spectra and can
be observed in simulations for specific parameter values, but the analysis described here is unable
to capture them. An adaptation of standard methods for identifying absolute instabilities (e.g.
Akhiezer and Polovin, 1971) to the particular form of Eq. (78) is therefore highly desirable.

VII.E Extension of the method to all zeros of K̂(ξ)

It turns out that the approximation constructed above can be improved further by including also
the zeros of K̂(ξ) outside the stripe Ξ, although some care needs to be taken. For zeros ξk outside
the strip, the exponentially decaying tails of K̃(u) are “flat” compared with the rate of increase
or decrease of e−iξk . The tails can therefore mediate long-range interactions and de-localise the
dynamics of the modes ak(u, t). An analysis of the special case where K̂(ξ) is the ratio of two
linear polynomials (not discussed here) reveals that this can lead to the suppression of convective
instabilities even when sign Re{vk} 6= sign Im{ξk}: the response of ak(u, t) is then in the direction
on the u-axis opposite to Re{vk}. To take this into account, the following heuristics suppressing
convective instabilities are employed. In the rare cases where Re{vk} and Im{ξk} have opposite
signs for zeros ξk /∈ Ξ, the value of u1 in Eqs. (107) or (108) is, for all times t > 0, set to +∞
for Re{vk} > 0 and to −∞ for Re{vk} < 0. Because of the rapid decay of these modes along u,
the discontinuity of b(u) in t resulting from this approximation is hardly noticeable. If Re{vk}
and Im{ξk} have the same signs, ak(u, t) is computed according to Eqs. (107) or (108) without
modifications. Although convective instabilities for zeros outside Ξ have not been observed in
simulations, there is some risk that exceptions to these heuristics exist.

Provided the extension of this method to all zeros ξk of K̃(ξ) is successful so that limt→∞ Ψ̂(ξk, t) =
0, one can expect that, by Eq. (94), the Fourier-transform of the residual bc(u, t) converges to
an entire function as t → ∞. That is, | limt→∞ bc(u, t)| decays faster than exponentially for
u → ±∞. The steady-state residual limt→∞ bc(u, t) unaccounted for by the approximation de-
veloped above is then, in this sense, strongly localised near the size class targeted by fishing.
When using the method below, the contribution by bc(u, t) is not included.

VIII Comparison of analytic theory and simulations

VIII.A A specific parametrisation

To visualise typical responses of size spectra to fishing and to test the analytic predictions of
Sec. VII.D by comparison with simulations, specific choices for the free model parameters need
to be made. This includes, in particular, choices for the predator-prey size-ratio window s(x)
and the maturation-selection function ψ(x). Standard values used for the scalar parameters are
listed in Tab. 2. The choices follow Hartvig et al. (2011), and the reader is referred to their work
for detailed motivations. All body masses are measured in units of the body-mass class targeted
by fishing (M = mF). To report simulation results independent of the specific choice of mF, time
is measured in units of the approximate age of the targeted size class at maturation (i.e. the age
when m = m∗ = mF), computed for ψ(x) = 0 and m0 → 0 for simplicity. The growth trajectories
of individuals then follow dm/dt = g̃0m

n and time to maturation is Tmat = m1−n
F g̃−10 (1− n)−1.

8As here press perturbations are considered here rather than pulse perturbation, not all unbounded responses
necessarily correspond to convective instabilities.
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Symbol Value Unit Description
n 3/4 Exponent of physiological activity
h 85 g1−nyr−1 Coefficient of maximal food intake
k 10 g1−nyr−1 Coefficient of metabolic loss rate
q 0.8 Exponent of search/attack rate
γ cancels out g1−qm−3yr−1 Coefficient search/attack rate
α 0.6 Conversion efficiency
β 100 Preferred predator-prey mass ratio
σs 1 Width of predator-prey size-ratio window
F see text yr−1 Fishing mortality
σF ln 10 Width of harvested size range
η 0.25 Maturation- over asymptotic mass
σr 0.5 Cutoff-length for food-web effects
r 0.5γ g1−qm−3yr−1 Strength of food-web effects

Table 2: Standard parameters used in simulations

For mF = 1 kg, this equals 3.0 years with standard parameters. Fishing pressure F was fixed so
that, in response to the onset of fishing, species of size mF initially decline at a rate F = 0.1T−1mat.

The parameters values r = 0.5γ and σr = 0.5 of the heuristic submodel for food-web effects
where chosen, following the reasoning of Sec. VI.D, according to the observation that γ is the only
other model parameter of the same dimension as r, so that both might be of similar magnitude,
and that σr corresponds to the typical mass ratio between prey in the diet of a consumer.

VIII.A.1 Choice of the predator-prey size-ratio window

With β standing for the preferred predator-prey mass ratio (not to be confused with the size
distribution β̃(w)) and x for the actual logarithmic predator-prey mass ratio, the predator-prey
size-ratio window is chosen following Hartvig et al. (2011) as a Gaussian window:

s(x) = exp

[
− (x− lnβ)2

2σ2
s

]
. (109)

Its Fourier-transform is

ŝ(ξ) = (2π)1/2σs exp

[
−σ

2
sξ

2

2

]
β−iξ. (110)

VIII.A.2 Choice of the reproduction-selection function and its implications

Hartvig et al. (2011) showed that with a reproduction-selection function of the form

ψ(x) = (ηx)1−n, (111)

growth of individuals follows a von Bertalanffy trajectory. The coefficient η stands for the ratio
of maturation size to asymptotic size. Hartvig et al. (2011) multiplied this form with a smoothed
step function to describe the onset of maturation at x = 1, but here I stick with Eq. (111) for the
sake of analytic tractability. In fact, population structures resulting from ψ(x) with or without
this additional factor do not differ much.
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For the special case that the allometric exponent for the metabolic loss rate is exactly n = 3/4,
and that background mortality is negligible (µ0 = 0), the scale-free population size structure
Ñ(x) (Eqs. (33), (24)) with ψ(x) given by Eq. (111), and µ̃ = g̃0 (i.e. ã = 1) evaluates to

Ñ(x) =
Ñ0

[
1− (ηx)1/4

]3
g̃0
[
1− η1/4

]4
x7/4

(112)

for x ≤ η−1 and Ñ(x) = 0 otherwise. This result follows after verifying that E(x), defined by
Eq. (44), is given by E(x) = [1− (ηx)1/4]4[1− η1/4]−4x (compute E′(x)/E(x) to see this).

From Eq. (112) one gets, according to Eq. (41),

B̃tot = B̃tot(0) =

∫ ∞
0

x Ñ(x) dx

=
Ñ0

g̃0
[
1− η1/4

]4
η1/4

.

(113)

Consequently the distribution of a species’ biomass over the logarithmic size axis is given, fol-
lowing Eq. (71), by

β̃(w) = (ηew)1/4
[
1− (ηew)1/4

]3
(114)

for w ≤ − ln η and β̃(w) = 0 otherwise. This function has the Fourier-transform

β̂(ξ) =
ηiξ

(i+ ξ)(i+ 4ξ/3)(i+ 2ξ)(i+ 4ξ)
. (115)

Next to the pole at ξ = −i/4, expected from the general asymptotic form of Ñ(x) for small x,

Eq. (34), the analytic continuation of β̂(ξ) has poles also at ξ = −i/2, ξ = −3i/4, and ξ = −i.
Interestingly, all poles are located at multiples of −i(1− n).

As Eq. (113) contains the unknown Ñ0, it does not give a numerical value for B̃tot. To
compute B̃tot, use Eq. (71) to express Ñ(x) by β̃(w) in Eq. (18). The resulting equation can be
solved for B̃tot, to obtain

B̃tot =
Ñ

β̂
(
i(λ− 2)

) . (116)

As β̃(0) = 1 by normalisation, the two coefficients B̃tot and Ñ are therefore nearly identical
when λ ≈ 2.

VIII.B Simulation technique

Simulation of the Species Size-Spectrum Model, Eq. (78), over a large range in u is difficult
because, by the factor (Meu)n−1, a broad range of time-scales has to be covered. The u-axis
was discretized to 256 points at distance 0.5, ranging from u = umin = −128/3 to u = 254.5/3.
This corresponds to a range from about 10−19M to 1037M in maturation size, which is much
larger than the size range covered in real size spectra. The reason for choosing this broad range
is to isolate the effects of scale-invariant dynamics, which can be approximated analytically, from
conceivable complications due to boundary effects. To gain some qualitative understanding of
the modifications of dynamics that could result from boundary effects, a variant of the model
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(“constrained-domain variant”) was simulated where Eq. (78) was applied only over the interval
euM = 10−15M to 103M , and b(u) = 0 held fixed otherwise.

The right-hand-size of Eq. (78) was evaluated using a pseudo-spectral method: the convolu-

tion was evaluated in Fourier space by multiplication of b̂(ξ) with the result for K̂(ξ), Eq. (92),
with either Eq. (83) or (84). To reduce aliasing, the u-axis was extended by another 256 points
for this operation. To suppress numerical instabilities developing at the lower edge of the u-axis,
a stabilising extra term −8(Meu)n−1b(u)/{1 + exp[0.6 (u−umin− lnβ)]} was added to Eq. (78).
Over most of the u-axis, this term has no effect. The discretized system was then solved using the
implicit ODE solver CVODE included in the SUNDIALS package (Hindmarsh et al., 2005). This
solver automatically adjusts the approximation order and the step size to achieve a prescribed
accuracy (here 10−4 per step). In addition, upper limits on step size, scaling as the square-root
of time since the start of simulations, were imposed to suppress numerical instabilities.

VIII.C Numerical evaluation of the analytic approximation

The analytic formula for the Fourier-transform of the interaction kernel, K̃(ξ), was converted
into a subroutine which takes arbitrary complex ξ as arguments and outputs K̃(ξ). The zeros
of K̃(ξ) in the vicinity of ξ = 0 were then determined using a simple secant search algorithm,
initiated at all points on a grid with resolution π/(8 lnβ) spanning the range 0 ≤ Re ξ ≤ 8π/ lnβ,
| Im ξ| ≤ 4π/β. It was verified that enlarging this range did not change the results markedly.
Zeros found repeatedly were discarded. The derivatives of K̃(ξ) at the zeros, required to evaluate
the analytic approximation of dynamics, are most easily computed numerically.

The programming language used (C++) did not include an implementation of the error
function for complex arguments in its mathematical library. This function is required when
computing the analytic approximation of size-spectrum dynamics using Eq. (108). The function
was therefore implemented using the method proposed by Hui et al. (1978). Alternatively, the
integrals in Eq. (107) could have been evaluated numerically. This second approach has the
advantage of being applicable for arbitrary external perturbations Φ(w), but is slightly more
computation-intensive.

VIII.D Case studies

VIII.D.1 Standard parameters

Equation (78) for the oligotrophic case was solved with standard parameters both numerically
and in the analytic approximation described in Sec. (VIII.A). The evolution of the system state
is shown in Fig. 4. One observes the formation of two trophic cascades, one downwards from
mF to smaller species, the other one upwards, towards larger species. In a later phase, an
upward-moving front emerges that bends the size spectrum downward and carries an additional
downward cascade in its wake.

The initial dynamics are not reproduced well by the analytic result in Eqs. (93), (108). The
theory overestimates the initial decay of the targeted size class (which is well described by the
small-t approximation, Eq. (88)) and is late in predicting the formation of a weak downward
trophic cascade. The analytic solution predicts the timing of the saturation of the downward
cascade around 3.3 to 10Tmat reasonably well. It makes an excellent prediction of its final,
saturated state.

The upward cascade evolves much slower than the downward cascade. This is mostly a
consequence of the allometric scaling of biological rates, encapsulated in the factor (Meu)n−1

in Eq. (78). The analytic approximation captures reasonably well the timing of the formation
of the first maximum of the upward cascade around 10 to 33Tmat, the formation of the second
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Figure 4: Time-dependent response of a size spectrum to size-specific exploitation targeting mat-
uration sizes around mF, for the oligotrophic regime in the standard parametrisation described
in Sec. VIII.A. Solid lines: simulations. Dashed lines: analytic theory. Tmat is the approximate
age at which individuals maturing at mF reach this size. In the second column, corresponding
to later stages, the vertical axis is expanded.
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Figure 5: Effect of constraining the domain of the dynamic response of the size spectrum to the
size range indicate by the bar above. Simulations with standard parameters in the oligotrophic
regime as in Fig. 4, at four points in time t. Solid lines: constrained-domain variant. Dashed
line: unconstrained variant for comparison.

minimum around 100Tmat, and the full emergence of the second maximum around 333Tmat.
Thereafter (second column in Fig. 4), the two trophic cascades have mostly stabilised.

What follows is the propagation of a downward-bending front to larger species sizes. Contin-
uation of the simulation until t = 107.5Tmat and over an (unrealistically) large body-size range
demonstrates three general facts. First, the analytic theory makes a good prediction of the ve-
locity of the downward-bending front on the u-axis. Second, the modulations behind the front
travel in its wake, and, after sufficient waiting time, subside (compare, for example, the simula-
tion results at the point m/mF = 1010 for t = 105 Tmat and t = 107.5 Tmat). Presumably, these
secondary excitations of the size spectrum would be captured when including the neglected sum
over j in Eq. (100) as an additional inhomogeneity contributing to Hk(z, t). Third, whereas in
the analytic approximation the front quickly becomes sharp as it moves to larger u (as does the
front of the upward trophic cascade), it is blurred in simulations. This indicates the presence of
additional diffusive effects along the u-axis that were not captured in the present approximation.

The case displayed in Fig. 4 is a typical example for the degree of agreement between simula-
tions and analytic approximations. Despite many differences in detail, the analytic approximation
captures the main features and the times of their emergence.

VIII.D.2 The constrained-domain variant

In Fig. 5 it is shown how the response of the size spectrum changes in simulations when dynamics
are constrained to a narrower domain. The dynamic domain was chosen so that with mF = 1 kg,
it corresponds approximately to the realised range of species sizes in marine communities. The
resulting modification of dynamics evident in Fig. 5 can be interpreted as a minimal adaptation (a
reflection on the upper boundary?) required to keep b(u) continuous at the domain boundaries.
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Figure 6: Locations of zero (open circles) and poles (closed circles) of K̂(ξ) in the complex
plane as well as the argument of K̂ ′(ξ) at the zeros (arrows), annotated with the corresponding
perturbation responses. Standard parameters. Panel (b) gives a wider perspective.

Otherwise, the effect on dynamics is small, at least for the case considered here. Small dynamic
effects of the boundaries do not imply that their effects on the steady-state size spectrum will
be small.9 The latter are discussed briefly in Sec. IX.F.

VIII.D.3 Characterisation of size-spectrum dynamics by the zeros of K̂(ξ)

The solution of Eq. (78) is controlled by the Fourier-transform K̂(ξ) of the interaction kernel
K̃(u) entering Eq. (78), specifically by its complex zeros and its first derivatives at these points.
A good qualitative understanding of the solution of Eq. (78) can therefore be gained already by
studying the geometry of these zeros in the complex plane. For the standard parameter set used
here, the zeros of K̂(ξ) and its analytic continuation are marked as open circles in Fig. 6. The
arrow attached to each open circle indicates the argument of the first derivative of K̂(ξ) at this
point (an arrow pointing straight right would mean a real, positive first derivative). The filled
circles represent poles of K̂(ξ). Figure 6b offers a broader view of the same configuration.

Results derived in Sec. VII.D translate into the following geometric picture: zeros of K̂(ξ)
located below the real axis (Im{ξ} = 0) correspond to modulations or bending of b(u) that
increases towards larger u (larger body sizes), and vice versa for zeros above the real axis. A

9The correct form of the boundary conditions that represent the upper and lower size limits of real communities
in the Species Size-Spectrum Model is unknown. In an approximation consistent with the model, one can expect
them to take the form of a set of inhomogeneous linear conditions on b(u) (Cross and Hohenberg, 1993). A
particular, stationary solution of the model compatible with these inhomogeneous boundary conditions represents
the effect of “press perturbations by the boundaries” discussed in Sec. IX.F below. These perturbations will be
stronger the larger the inhomogeneities in the boundary conditions. After subtracting this particular solution
from b(u), the reminder is constrained by a set of homogeneous boundary conditions. Of these, the condition
applied here (b(u) = 0 for u outside the domain) is one example. As it is independent of the magnitude of the
inhomogeneities, its effect on the dynamics inside the domain can be small even when boundary perturbations
are strong.
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non-modulated (bending) contribution corresponds to a zero on the imaginary axis (Re{ξ} = 0).
All other zeros always come in pairs (ξ = ±ξr+iξi), guaranteeing that the sum of all contributions
approximating b(u) by Eq. (93) is real-valued. When expressing deviations from the unperturbed
equilibrium state in terms of relative changes in biomass or abundance (rather than by absolute
differences in biomass density), modulations and bending increase towards positive u if the
corresponding zero is located below the line Im{ξ} = λ− 2, and vice versa.

The direction into which the front corresponding to each of these contributions propagates is
determined by the vertical component of the orientation of the attached arrows. Arrows pointing
downwards correspond to fronts propagating into the direction of positive u (upward cascades),
i.e. towards larger body size. Arrows pointing upwards correspond to fronts propagating in the
direction of smaller body size (downward cascades). Combining the positions of zeros with the
orientations of arrows, it follows that for zeros with arrows pointing towards the line Im{ξ} =
λ− 2 the corresponding modulations of relative abundance (or non-modulated bending) become
smaller away from the size class targeted by fishing or any other press perturbation. Effects
on relative abundance corresponding to zeros with arrows pointing away from the line Im{ξ} =
λ − 2 increase as they propagate along the size axis. Such contributions correspond to the
convective instabilities mentioned at the end of Sec. VII.D. For the standard parameter set, the
only contribution of this type is the upward-moving front of size-spectrum bent.10

Among zeros with attached arrows pointing towards the line Im{ξ} = λ−2, their contributions
decay the faster along the u-axis the farther they are from the line Im{ξ} = λ−2. Further, zeros
at some distance from Im{ξ} = λ− 2 generally appear to be of the convectively stable type (see
Figs. 6b, Figs. 7, and 8 below). Often, good qualitative images of the system response to press
perturbations can be obtained from considering just a few zeros close to the line Im{ξ} = λ− 2.
In Fig. 6a the five zeros of K̂(ξ) closest to this line have been annotated.

VIII.D.4 A convectively unstable upward trophic cascade

When changing model parameters, other types of dynamics can be found. Figure 7a displays sim-
ulation and analytic results when, compared with the previous case, the preferred predator-prey
mass ratio is increased from β = 102 to β = 105. The upward cascade now becomes convectively
unstable, which means that the modulated system response becomes stronger towards species
sizes larger than mF (Fig. 7). Figure 7b displays the configuration of zeros and poles of K̂(ξ) in
the complex plane. The convectively unstable upward cascade is generated by the pair of zeros
near ±0.5 with attached arrows pointing away from the line Im{ξ} = λ− 2.

VIII.D.5 A convectively unstable downward trophic cascade

Finally, an example for the eutrophic regime is considered. In addition to setting β = 105 as in
the previous example, standard parameters are modified by increasing the width of the predator-
prey size-ratio window (Eq. (109)) from σ = 1 to σ = 3. The coefficient of the allometric scaling
law for respiration is increased from k = 10 g1−nyear−1 to k = 49.09 g1−nyear−1, giving a size-
spectrum slope of λ = 2.1 via the constraint Eq. (39). For ecological consistency, all biomasses
and abundances must be sufficiently large to fully satiate all consumers. For the system response

10The fact that in the oligotrophic regime there is always a purely imaginary zero corresponding to an amplifying,
upward-moving front follows from the observation that K̂(ξ) is real along the imaginary axis, the existence of the

two poles of K̂(ξ) at ξ = −(1−n)i and ξ = (q−n)i, their respective sign structures, and continuity considerations.
The sign structure follows heuristically from the fact that K̃(u) describes feeding on smaller species and predation
by larger species. The corresponding analytic argument makes use of the observation that the denominator in
Eq. (38) is positive, so αI1−I2 > kh−1I1, a comparison of Eqs. (83) and (84), and the observation that κ̂0(ξ+νi)
given by Eq. (83) has a zero coinciding with the pole at ξ = (q − n)i.
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to the fishing regime used here, this is clearly not the case. As can be seen in Fig. 8a, the
predicted linear response grossly exceeds changes by 100% in biomass. Realistically, one should
therefore apply less fishing pressure. Reducing fishing pressure by, say, one-tenth would yield
exactly the same response as shown in Fig. 8, only with a ten-times-lower amplitude. Fishing
pressure was retained at the standard value in Fig 8a to allow easy comparison with the previous
examples.

Now, the downward cascade becomes convectively unstable: abundance modulations increase
towards lower species sizes. As the downward cascade propagates at constant speed on the
m1−n
∗ -axis, it reaches the lower end of the simulated range after finite time (about 100Tmat).

The simulation results differ from the analytic predictions for very low species sizes because of
the numerical stabilisation applied near the lower boundary (see Sec. VIII.B). The occurrence of
a convectively unstable downward cascade can be predicted from the fact that in Fig. 8b there
is one pair of zero above the line Im{ξ} = λ − 2 with attached arrows pointing away from it.
The observation that the amplitude of the system response here is considerably larger than in
the previous cases might be related to the fact that these two zeros are both close to other zeros,
which could lead to small derivatives of K̂(ξ) at these zeros (when K̂(ξ) has a double zero, K̂ ′(ξ)
vanishes), small values of |vk|, and hence large modulation amplitudes by Eq. (108).

Comparing Figs. 7a and 8a, one can see that in the eutrophic regime the pole of β̂(−ξ − νi)
at ξ = (λ − 2)i has disappeared. It has been cancelled in K̂(ξ) by the zero of κ̂0(ξ + νi),
Eq. (83), at the same position. This zero results from the interplay between predation mortality
(first term in Eq. (83)) and release from predation (second term in Eq. (83)) under ad libitum

feeding. The pole of β̂(−ξ − νi) is a result of taking the limit m0, x0 → 0 in Sec. VI.C. When

regularising β̂(ξ), e.g. by fixing x0 at some small but positive value, β̂(−ξ − νi) would instead
attain a large, but finite, value at ξ = (λ − 2)i. Then K̂(ξ) at this point would be zero and
K̂ ′(ξ) large, corresponding to perturbation responses in the form of small-amplitude, rapidly
upward moving fronts, by Eqs. (99) and (108). These fronts represent the mechanism by which
the overall abundances of larger species are adjusted to match those of smaller species in the
eutrophic regime. In the limit m0, x0 → 0, this mechanism degenerates to an immediate, rigid
regulation, concealing the regulating dynamics.

IX Implications, Discussion and Outlook

IX.A The final steady state of a perturbed size spectrum

The theory of size-spectrum dynamics developed in Sec. VII now allows the problem of computing
the steady-state solution reached long after initiating a size-specific press perturbation to be
revisited. As argued in Sec. VII.B, this solution must be of the form

b(u) = b0(u) +
∑
j

Aje
iξju, (117)

where b0(u) is give by its Fourier-transform in Eq. (90), and Aj are constants to be determined.
By comparing with the related decomposition Eq. (93) of the time-dependent solution and taking
the limit t→ +∞, one obtains

lim
t→+∞

bc(u, t) = b0(u) +
∑
j

[
Aj − lim

t→+∞
aj(u, t)

]
eiξju. (118)

The fact that b0(u) has a Fourier-transform and the conjecture that limt→+∞ bc(u, t) is strongly
localised (Sec. VII.E) and can now be used to compute the coefficients Aj . Consider first those
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Figure 7: Perturbation response of the size spectrum (a) and graphic characterisation of K̂(ξ) (b)
for the case discussed in Sec. VIII.D.4, which leads to an amplifying upward trophic cascade. As
in Fig. 4, solid and dashed lines in panel (a) correspond to simulation and analytic approximation,
respectively. As in Fig. 6, open and closed circles in panel (b) correspond to zeros and poles of
K̃(ξ), respectively, and arrows to the argument of K̃ ′(ξ) at the zeros.
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Figure 8: Perturbation response of the size spectrum (a) and graphic characterisation of K̂(ξ) (b)
for the case discussed in Sec. VIII.D.5, which leads to an amplifying downward trophic cascade.
Symbols as in Figs. 4 and 6. As in Fig. 4, solid and dashed lines in panel (a) correspond to
simulation and analytic approximation, respectively. As in Fig. 6, open and closed circles in
panel (b) correspond to zeros and poles of K̃(ξ), respectively, and arrows to the argument of
K̃ ′(ξ) at the zeros.
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cases where | exp(iξju)| diverges as u → +∞ (i.e., where Im{ξj} < 0). The conditions on bc(u)
and b0(u) require that

Aj = lim
t,u→+∞

aj(u, t). (119)

For fronts propagating to negative u, i.e. Re{vj} < 0, this implies Aj = 0. In the opposite case,
Re{vj} > 0, application of Eqs. (107) and (99) gives

Aj = −M
2−λ(1− n)

vj
Φ̂(ξj + νi)

=
iMνΦ̂(ξj + νi)

K̂ ′(ξj)
.

(120)

The corresponding results in the case Im{ξ} > 0 has the opposite sign for Aj . The close similarity

between this expression for Aj and Eq. (90) for b̂0(ξ) has the interesting consequence that the
final steady state b(u) = limt→+∞ b(u, t) can be computed by formally evaluating the inverse

Fourier-transformation, Eq. (1), of b̂0(ξ),

b(u) =
1

2π

∫
C

b̂0(ξ)eiξudξ. (121)

However, the path of integration C in the complex plane must be chosen such that, in the geo-
metric picture introduced in Fig. 6a, it remains above all zeros ξj (open circles) with attached
arrows pointing upwards, and below all zeros with attached arrows pointing downwards. Using
Eq. (120) and the residue theorem of functional analysis, it is easily verified that the additional
terms resulting form deviations of this path C from the real axis are exactly the non-zero con-
tributions Aje

iξju in Eq. (117).

IX.B Distribution of individual sizes in the final steady state

From, b(u), the final deviations of the distribution of biomass over logarithmic species sizes
from the unperturbed distribution, one can compute the corresponding deviations c(u) of the
distribution of biomass over logarithmic individual sizes by a convolution with the intraspecific
mass distribution c(u) = [β̃∗b](u). For simplicity, only those situations are considered here where
Im ξk > −(1−n) for all k for which Ak 6= 0. Graphically, this means that all zeros (open circles)
with the attached arrows pointing away form the real axis must lie above the highest pole (filled
circle) in the lower half plane. In all scenarios considered above (Figs. 6a to 8) this is the case.
Using Eq. (117) and again invoking the residue theorem, one can then evaluate

c(u) = [β̃ ∗ b0](u) +
∑
j

β̂(ξj)Aje
iξju

=
1

2π

∫
C

ĉ0(ξ)eiξudξ,

(122)

with ĉ0(ξ) = β̂(ξ)b̂0(ξ) and the path C taken identical to that in Eq. (121). Interestingly, when
considering the case of fishing specific to size of individual (rather than species) and ignoring
food-web effects, Eqs. (90), (79), and (92) evaluate ĉ0(ξ) to the simple expression
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ĉ0(ξ) =
β̂(ξ)MνΦ̂(ξ + νi)

K̂(ξ)

=
β̂(ξ)MνB̃tot F ŴσF

(ξ + νi)β̂(−ξ − νi)(M/mF)iξ−ν

B̃totκ̂0(ξ + νi)β̂(−ξ − νi)β̂(ξ)

=
FMνŴσF

(ξ + νi)

κ̂0(ξ + νi)

(
M

mF

)iξ−ν
.

(123)

This result depends on ecological detail only through the feeding interactions described through
κ̂0, not through the life-history characteristics of species. These enter c(u) only through path C,
determined by K̂(ξ). Formally, c(u) is a steady-state solution of the balance equation

∂c(u)

∂t
= (Meu)n−1[K̃1 ∗ c](u)− B̃totF (Meu)2−λWσF

(
u− ln

mF

M

)
, (124)

with K̃1(u) = B̃tote
νuκ0(u) (so that K̂1(ξ) = B̃totκ̂0(ξ + νi)). Making use of the definition of

κ0(u), Eq. (70), K̃1(u) can be expressed as

K̃1

(
ln
m

m′

)
= B̃totm

2−λ
[
αh

δf(m)

δB(m′)
−m1−n δµp(m)

δB(m′)

]
, (125)

were B(m) = mN (m) denotes the density of biomass on the (linear) body size scale. The two
terms in brackets describe effects on individuals of size m by trophic interactions with individual
of size m′. The leading factor B̃totm

2−λ scales as the size-dependence of the biomass of affected
individuals.

Oddly, Eq. (124) therefore describes the mass balance in a size-structured community of
individuals that feed upon each other but, akin to microorganisms, essentially only to multiply
their numbers rather than to grow in size—despite the fact the equation was obtained from a
model for interacting highly size-structured populations. The fact that the true steady-state
c(u) solves Eq. (124) justifies the use of simplifying pictures where “large species eat small
species” in verbal arguments. However, over-interpretation of such pictures or corresponding
numerical models can be fatal: the dynamic response of c(u) to fishing pressure predicted by
the Eq. (124) will generally be very different from that predicted via the Species Size-Spectrum
Model, Eq. (78), by setting c(u) = [β̃ ∗ b](u). There can be differences in the timing of events,
as demonstrated in Sec. IX.D below, when the propagation velocities Re{vk} of perturbation
responses (see Eq. (106)) have different magnitudes but the same signs in both cases, and the
dynamic selection of entirely different steady states when some velocities Re{vk} have different
signs.

IX.C The population-level predator-prey size-ratio window

Models of interacting size-structured populations often invoke an individual-level predator-prey
size-ratio window such as the function s(w) entering the model of Hartvig et al. (2011). On the
other hand, models of unstructured populations differentiating species by size (e.g. Brännström
et al., 2011) often depend on a population-level predator-prey size-ratio window S(w) that de-
scribes the size-dependence of the amount consumed of a species of size m∗ by another species
of size m′∗ = ewm∗. The QNA in the form developed in Sec. VI allows the derivation of S(w)
from s(w).
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The computation is analogous to the derivation of the interaction kernel K̃(u) from individual-
level interactions, but now contributions related to active and passive feeding are handled sep-
arately. Consider the special case of a linear functional response (h → ∞) in the oligotrophic
regime. The contribution of predation mortality to κ0(w), Eq. (70), then simplifies to −γs(w).
Verifying that K(m∗,m

′
∗) specifies, according to Eqs. (57) and (62), a rate of change (dimen-

sion 1/Time) normalised to the biomass density of the affecting species, and replacing κ0(w) by
−γs(w) in the formula for K(m∗,m

′
∗), Eq. (72), one obtains—in the mean-field approximation

underlying this calculation—the rate of population decay of a species of size m∗ resulting from
consumption by a species of size m′∗ with biomass density B′ as γ m′∗

q−1
S
(

ln(m′∗/m∗)
)
B′, where

S(w) = [s ∗ β̃ ∗ β̃−ν ](w), with β̃−ν
def
= eνwβ̃(−w) = e(1−q)wβ̃(−w). (126)

The quantity γ m′∗
q−1

was factored out to make this result comparable with the corresponding
formula for s(w), i.e. Eq. (13) with N (m) expressed in terms of biomass density B(m) = mN (m).

Conversely, the rate of population growth of a species of size m′∗ resulting from consumption of

a species of size m∗ with biomass density B evaluates to αγ m′∗
q−1

S
(

ln(m′∗/m∗)
)
B. Therefore,

surprisingly, the population-level conversion efficiency is here identical to the individual-level
conversion efficiency α.

The convolutions in Eq. (126) generally need to be evaluated numerically, e.g. using Fourier
techniques. The resulting form of S(w) for standard parameters is shown in Fig. 9. However,
some general characteristics of S(w) can be derived directly from Eq. (126). Recalling the
assumption that s(w) decays faster than exponentially for w → ±∞ (Sec. IV) and the observation
that β̃(w) ∝ e(1−n)w as w → −∞ (see Eqs. (34), (37), (71)), it follows immediately that (i)
S
(

ln(m′∗/m∗)
)
∝ (m′∗/m∗)

1−n for predator species smaller than their prey, (ii) S
(

ln(m′∗/m∗)
)
∝

(m∗/m
′
∗)
q−n for prey species much smaller than their predators, and (iii) typical s(w), localised

much sharper than intraspecific size structures β̃(w), have little influence on the structure of
S(w) apart from determining a preferred predator-prey size ratio.

The conclusion that the population-level predator-prey size-ratio window is wide appears at
odds with the conclusion reached analytically by Nakazawa et al. (2011), consistent with empir-
ical analyses by Woodward and Warren (2007) (see also Woodward et al., 2010b; Gilljam et al.,
2011), that the mean predator-prey size ratio at population level must be smaller than that at in-
dividual level. However, the paradox is easily resolved by noting that Nakazawa et al. (2011) and
Woodward and Warren (2007) weighted all individuals equally when averaging over populations,
whereas here each individual is weighted by its body mass as a proxy for reproductive value.
With this modification, the analysis by Nakazawa et al. (2011) does indeed lead to the opposite
conclusions: the mean population-level predator-prey size ratio is larger than that at individual
level. This is the more adequate choice. As demonstrated by Rossberg and Farnsworth (2011)
analytically and through simulations, weighting individuals within populations by reproductive
value leads to better predictions of community dynamics than equal weighting.

IX.D Slow and fast responses to size-selective fishing

The time-scale for the long-term community responses to fishing is determined by the constants
vk entering Eq. (107), which are defined as vk = i(1−n)Mn−1K̂ ′(ξk). These depend on ecological
details through the factor K̂ ′(ξk), given by Eq. (92) above.

If intraspecific biomass distributions over the logarithmic mass scale β̃(w) are wide and

smooth, then their Fourier-transforms β̂(ξ) are narrow on the Re{ξ}-axis, as exemplified by
Eq. (115). As a result, all ξk (except for the purely imaginary zero) are likely to lie outside the

region where β̂(ξ) is large. Typically, this is the case when the logarithmic predator-prey mass
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Figure 9: Comparison between the predator-prey size-ratio windows at individual level s(w)
and at population level S(w). The mass ratio r = ew is the body-size ratio m′/m for s(w)
and the species-size m′∗/m∗ for S(w), with the prime denoting the predator. To display the
curves from the predator’s perspective, the horizontal axis is inverted. Curves correspond to
standard parameters with x0 → 0. For finite parent-offspring size ratios, the tails of S(w) will
be truncated.

ratio lnβ is small compared with the width of β̃(w), evidenced by cannibalistic feeding. This
leads, by Eq. (92) to small K̂ ′(ξk) and a sluggish formation of trophic cascades compared, e.g.
with expectations from the naive picture of (124)—at least as long as K̂ ′(ξk) is not dominated
by food-web effects through the second term in Eq. (92). Expressed in ecological terms, trophic
cascades form slowly because population-level predator-prey size-ratio windows are broad: even
species differing in maturation sizes by exactly the predator-prey mass ratio β do not form a sim-
ple predator-prey pair, rather they interact through a mixture of predator-prey, prey-predator,
and competitive relationships resulting from the tremendous ontogenetic growth of fish and other
aquatic organisms.

For the purely imaginary zero corresponding to size-spectrum bending, the situation is op-
posite. As shown in Figs. 6a and 7, this zero of K̂(ξ) is typically located near the pole of K̂(ξ)

that corresponds to the first pole of β̂(−ξ − νi). Because of the resulting rapid transition of
K̂(ξ) from zero to infinity, K̂ ′(ξk) is generally large for this zero. The downward bending of the
size spectrum for large species is therefore fast, at least when compared with the biological rates
of these species (despite being slow in absolute terms, see Figure 4). The underlying ecological

mechanism, which follows immediately from back-tracing how β̂(−ξ − νi) enters this result, is
that larger species are being depleted directly through fishing mortality of their juveniles, even
if the proportion of these in the catch—which scales as (mF/m∗)

1−n—is relatively low. The
mechanism is further amplified by a depletion of the food resources of juveniles of large species.

The effects of intraspecific size structure on response times can be demonstrated by a com-
parison between simulations of the Species Size-Spectrum Model and of Eq. (124), which does
not account for intraspecific size structure. To stabilise solutions of Eq. (124), some technical
adjustments are required (caption of Fig. 10). As seen in Fig. 10 the initial response of the two
systems to exploitation targeting a narrow range of body sizes is very different. Formation of the
downward cascade is by a factor 3-10 slower in the full model than in Eq. (124). Depletion of
larger organisms, on the other hand, proceeds by about a factor 3 faster for the reasons explained
above. Yet, the equilibrium states approached by both systems are very similar: indeed, by the
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Figure 10: Comparison of the response of individual (i.e. Sheldon-type) size spectra to size-
specific feeding as predicted by the Species Size Spectrum Model (Eqs. (78) (79), solid lines)
and a corresponding model that disregards intraspecific size structure (Eq. (124), dashed lines).
Simulations with standard parameters for the oligotrophic regime, however, with 10-fold fishing
mortality F , with K̃1(u) = B̃tot[e

νκ0(u) + X(u)] in Eq. (124) to stabilise short-wavelength
instabilities, X(w) in Eq. (86) replaced by [X ∗ β̃ ∗ β̃−ν ](w) for consistency, and the parameter r
in X(w) set to 20γ to suppress amplifying cascades that would otherwise arise.
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arguments of Sec. IX.B they are possibly the same.

IX.E Neutrality and the validity of the Quasi-Neutral Approximation

Perfect ecological neutrality in the sense of Hubbell (2001) is a situation of perfectly even com-
petition. Apart from drift driven by stochastic processes (which are not modelled here), com-
munities of neutrally competing species are demographically stable for any combination of their
relative abundances. In situations of approximate neutrality, populations approach particular
equilibrium values, but only slowly in comparison with typical life-history time-scales. The QNA,
invoked in Sec. VI, exploits the resulting separation of the time-scales of intraspecific and in-
terspecific population dynamics to simplify descriptions of community dynamics (Rossberg and
Farnsworth, 2011). Approximate neutrality among species with similar maturation sizes in a
size-structured community is a likely phenomenon (O’Dwyer et al., 2009). Indeed, in the Species
Size-Spectrum Model the contribution from food-web effects had to be included in the interac-
tion kernel K̃(u) exactly to regularise model artefacts arising from perfect neutrality within size
classes (Sec. VI.D).

The QNA as applied in the Species Size-Spectrum Model, however, invokes approximate
neutrality not only within size classes, but, to a certain degree, also across size classes. This
is justified a posteriori by the substantial competitive components in the interactions between
species of different size, which arise from broad population-level predator-prey size-ratio windows,
leading to slow dynamics. To quantify the resulting degree of time-scale separation, and hence
to gauge the reliability of the QNA, one can compare typical intraspecific and interspecific
relaxation times in the model. In the simulation with standard parameters, shown in Fig. 4,
population sizes near the targeted size class m∗ = mF relax on a time-scale of 4 to 10Tmat,
with Tmat = m1−n

F g̃−10 (1 − n)−1. The intraspecific relaxation time-scale is given by the inverse
size of the spectral gap of the McKendrick–von Foerster operator Lm∗ , which is estimated in
Appendix A as µ̃ (m∗/η)n−1. As µ̃ = g̃0 by Eqs. (35), (37), the ratio between the two time-
scales is 4 to 10 times (1 − n)−1ηn−1, which is ≈ 20 to 60. These are fairly large values, from
which at least a semi-quantitative validity of the QNA can be expected. Indeed, Hartvig et al.
(2011) find for their closely related model, using simulations that explicitly account for both
intra- and interspecific population dynamics in small communities, that dynamical details are
generally much more complex than the Species Size-Spectrum Model predicts. Yet, the structures
emerging when averaging across time and communities (see Hartvig et al., 2011) are similar to
those derived here.

IX.F How do power-law size spectra arise?

Just as in the paper of Andersen and Beyer (2006), the current analysis began with the assump-
tion of a power-law size spectrum and then investigated its consequences, e.g. constraints on the
power-law exponent. This does not immediately answer the question of why power-laws emerge
in the first place. In addressing this question, the oligotrophic and eutrophic regimes have to be
distinguished.

In the oligotrophic regime, where λ = 2 + q − n, conditions on overall abundance, Eq. (38)
for Ñ or Eq. (116) for B̃tot, must be satisfied for steady-state power-law size spectra. Press
perturbations of the size spectrum lead to modifications of the power law that spread on the
m∗-axis away from the point of perturbation. Pulse perturbations can be described as two press
perturbations of opposite sign initiated with a short delay. These are therefore predicted to lead
to pulses travelling along the m∗-axis away from the point of perturbation. Assuming that any
deviation of the size spectrum from the ideal form can be generated by applying appropriate press
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perturbations, one can conclude that any such deviations will eventually travel towards the upper
and lower ends of the m∗ range realised in a community, and there, depending on the effective
boundary conditions, either be reflected back or disappear. When reflection is sufficiently weak
and/or all modes are sufficiently damped, all deviations will eventually disappear when no further
perturbations are applied.

Complications of this scenario can arise only when the boundaries of the ecologically realised
m∗ range effectively impose press perturbations on the size spectrum, which will then lead to
persistent upward or downward cascades or bends originating at the upper or lower end of the
realised range. In particular, insufficient biomass at the lower end acts as a press perturbation
which will generate an upward-travelling front of reduced abundance corresponding to the purely
imaginary zero of K̂(ξ) (Fig. 6a), and eventually to a bent-down steady-state size spectrum.
This has, after back-translating result of Sec. VII to the linear m∗-axis and disregarding trophic
cascades, the form

B(m∗) = m−λ+1
∗ B̃tot

(
1 +Qm

λ−2−Im{ξ1}
∗ + h.o.t.

)
, (127)

with a scale parameter Q < 0, rather than following a power law. Overabundance of biomass at
the lower end corresponds to Q > 0. Higher order terms in Q, not captured by the linearised
QNA, are indicated by h.o.t. However, the exponent λ − 2 − Im{ξ1} can be numerically quite
small (Fig. 6a), so the deviations from a perfect power-law described by Eq. (127) might remain
undetected in empirical data. Possibly, all that can be seen is a change in the best-fitting power-
law exponent (“slope”).

Besides, mechanisms not considered here could help satisfying Eq. (38) at least approximately,
to keep deviations from a power law in Eq. (127) small. For example, temporal modulations of
abundances, as observed by Hartvig et al. (2011), can modify the effective value of the interaction
coefficient γ in Eq. (38). An effect observed in simulations of size-structured food webs may also
be important (Rossberg et al., 2008): evolutionary forces can lead to adjustments of attack rates
at community level such that effective food availability becomes of similar magnitude as physi-
ological food demand. In the present case, this would mean that γÑ/k becomes approximately
of the order of magnitude of one, which is indeed what (38) requires.

In the eutrophic regime, a power-law spectrum can form at any abundance level Ñ , provided
Ñ is sufficiently large to guarantee ad libitum feeding. Perturbations of the size spectrum will,
over time, subside as in the oligotrophic case, leaving a power-law size spectrum, possibly overlaid
with boundary-induced trophic cascades. Therefore, power-law size spectra form naturally in the
eutrophic regime.

In size-spectrum theories pre-dating Benôıt and Rochet (2004), an individual’s rate of food
uptake is generally thought to be density-independent, as here in the eutrophic regime (e.g. Platt
and Denman, 1977, 1978; Brown et al., 2004), leading to perfect power-laws over a wide range
of conditions. A similar situation arises in the models investigated analytically by Benôıt and
Rochet (2004) and Law et al. (2009), where all growth and mortality terms scale linearly with
abundance, so that abundance can be factored out. Contrary to a statement by Capitán and
Delius (2010), the two cases (no density-dependence or uniform linear density-dependence) are
neither ecologically nor mathematically the same. Yet, it is characteristic for both that power-
law size spectra can form at any abundance level, and that the size-spectrum slope λ depends on
several physiological parameters (in the present case, according to Eq. (39), on α, h, k, n, and
the predator-prey size-ratio window s(·)).
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IX.G Comparison with the theory of Andersen and Beyer (2006)

An important result of the present work is that in size-structured communities of populations cov-
ering wide size distributions the boundary condition of the McKendrick–von Foerster Equation
(which balances production and outgrowth of newborns) implies that the specific physiological
mortality of immature individuals is constrained to ã = 1 over most of their life history. This
finding differs from the analytic results of Andersen and Beyer (2006), which Hartvig et al.
(2011), similar to Andersen et al. (2008), evaluate to ã ≈ 0.42 for parameters as in Tab. 2. The
theory of Andersen and Beyer (2006) does not consider the boundary condition, and is therefore
not “complete” in the sense used here. As a result, it predicts “equilibrium” population struc-
tures that violate the condition that mean lifetime reproductive output per individual (known
as R0) should equal one (Andersen et al., 2008). Resolution of the discrepancy between the two
approaches requires understanding how Andersen and Beyer (2006) arrive at their constraint on
ã.

The case considered by Andersen and Beyer (2006) corresponds to the oligotrophic regime,
because the feeding level is assumed fixed at an intermediate value 0 < f0 < 1. They were the
first to observe that this alone determines the size-spectrum slope as λ = 2 + p − n (Capitán
and Delius, 2010, make a similar observation). The crucial difference from the model of Hartvig
et al. (2011)—investigated here—seems to be that Andersen and Beyer (2006) assume the rate
of food intake to follow a different allometric scaling law than metabolic loss, so that the loss
becomes relevant only as individuals approach their maximal attainable size. For younger
individuals, both growth g(m,m∗) and predation mortality µp(m) are proportional to what
Andersen and Beyer (2006) call the “metabolic requirement for food”. This leads to a value
ã = limm/m∗→0mµp(m)/g(m,m∗) that is fully determined by basic physiological parameters.
By contrast, the density-dependent bio-energy available for growth in the model of Hartvig et al.
(2011) is always discounted by substantial density-independent metabolic loss, so that ã (mortal-
ity over growth) becomes density-dependent. This leaves room for ã to be adjusted at community
level by the mechanisms explored in the Sections V and IX.F.

IX.H Outlook

Although providing answers and clarifications to many questions related to community dynamics,
the present analysis also led to a number of new questions and challenges. In closing, some of
these are discussed briefly.

The distinction between the mechanisms shaping size spectra in oligotrophic and eutrophic
regime made throughout the analysis immediately raises the question as to which empirical
systems are best described by which regime, or whether either of these exclusively describes
the situation in the field. An easy approach to this question would be to measure how close
somatic growth and reproduction rates in a given community are to those found in laboratory
experiments with ad libitum feeding. By the definition of the eutrophic regime, they should be
identical in this case, whereas for the oligotrophic regime growth and reproduction would be
slower in the field than in the laboratory.

Based on such identifications of the relevant regimes, further progress may be possible in
relating size-spectrum slopes to trophic status (Sprules and Munawar, 1986; Ahrens and Peters,
1991), temperature (Yvon-Durocher et al., 2011), and other environmental conditions. Obvi-
ously, changes in the slope resulting from environmental change can have great impacts on the
production at higher trophic levels available to human consumption.

Another question that deserves further study is the distinction between damped and ampli-
fying upward and downward cascades in field data. As mentioned in Sec. II.E, this will probably
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require analysis of temporally resolved size-spectrum data. Clearly, the distinction between up-
ward and downward cascades has implications for approaches to management of size-structured
communities. Provided that amplifying cascades can be identified, the theoretical problem arises
of extending the linear theory for size-spectrum dynamics to include nonlinear corrections, be-
cause these could limit the amplification. Perturbative approaches developed in other contexts
(Newell and Whitehead, 1969) might be employed usefully here.

Important in the context of fisheries management are the three related questions of what
determines the upper cutoff of the size spectrum (i.e. the natural size of the largest species), how
the boundary condition resulting from this cutoff is best incorporated into size-spectrum models,
and how large the expected perturbation of the size spectrum resulting from this boundary
conditions is. A way forward on these questions might be to study them first in corresponding
species-resolved models of size-structured communities (Rossberg et al., 2008; Hartvig et al.,
2011; Shephard et al., 2012), where the upper cutoff naturally emerges.

Finally, the observations of Sec. IX.D highlight that care must be taken to incorporate popula-
tion size structure and trophic interactions at all life stages adequately into management models,
because this may drastically modify dynamics. Consistency of model steady states with observed
conditions is an insufficient criterion for model validation: this insight might allow improvements
of some models currently in use.

As exemplified throughout this work, the language of mathematics has its use in science
not only for reasons of numerical precision. Often, the outcome is just precision of thought:
the definition of a quantity through a formula allows investigation of logical relations to other
quantities; equations stating mechanistic relations between quantities allow tracking down of their
implications; a description of a system by combinations of such equations (rather than verbal
models) allows evaluation of its logical consistency, its descriptive completeness, its mechanical
consistency, and at least the qualitative consistency of its predictions with observations. Verbal
descriptions and analyses of complex systems are more prone to the risks of being incomplete,
overlooking essential feedback loops, or incorporating hidden inconsistencies. Ecology as a field
might be underestimating the benefits inherent to the mathematical idiom.

Especially in a context of rapid, global change leading into a world with environmental
conditions not experienced before, there is need for good understanding of the general mechanisms
controlling high-level ecosystem states. This understanding should ideally derive not solely from
syntheses of past observations but be anchored in systematic analyses of the consequences of
fundamental principles. Formal reasoning using mathematical language can help to navigate
the complexities of such analyses. The present work hopefully, therefore, does not only provide
insights into the workings of size-structured communities, but also encourages researchers to
make greater use of formal reasoning in order to advance our understanding of complex ecological
patterns and processes.
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A Numerical study of the spectrum of the McKendrick–
von Foerster operator

This appendix reports results of a numerical study of the spectrum of the linear operator Lm∗ ,
as defined by Eq. (47). Parameters were chosen as in Sec. VIII.A. To avoid numerical difficulties
at small body size, the eigenvalue problem Lm∗W (m) = lW (m) for the density of individuals
along the linear mass axis was transformed into the corresponding eigenvalue problem for the
density of biomass along the logarithmic mass axis f(u) = e2uW (eu), with u = ln(m/m∗). The
equivalent eigenvalue problem is then Hm∗f(u) = lf(u) with

Hm∗f(u) = µ̃mn−1
∗

[(
1

4
e−u/4 − η1/4

)
f(u)−

(
e−u/4 − η1/4

) df(u)

du
+

η1/4δ(u− u0)

∫ − ln η

u0

f(v)dv

] (128)

conditional to f(u) = 0 for u < u0, where u0
def
= ln(m0/m∗) = ln(x0). As in Sec. VIII.A,

the maximum attainable relative body mass was set to η−1 = 4. Results reported here are for
x0 = 10−5. Results depend only weakly on this particular choice. The last term in Eq. (128)
enforces the condition

f(u0) = η1/4
(
x
−1/4
0 − η1/4

)−1 ∫ − ln η

u0

f(v)dv (129)

on eigenfunctions f(u).
The problem was discretized on a grid withG points, spaced equally on the u-axis from u0+∆u

to − ln η, where ∆u = (− ln η − u0)/G. The derivative of f(u) in Eq. (128) was approximated
by backward differences. To compute this difference for the first point, u = u0 + ∆u, i.e.
f ′(u0 + ∆u) ≈ (∆u)−1[f(u0 + ∆u) − f(u0)], Eq. (129) (trivially approximated by a sum) was
used for f(u0). The factor µ̃mn−1

∗ in Eq. (128) can be eliminated by rescaling all eigenvalues.
The eigenvalue problem for Hm∗ is then approximated by a corresponding numerical eigenvalue
problem for a G×G matrix Hjk.

Figure 11a shows the eigenvalues of Hjk for G = 2000. All eigenvalues have multiplicity
one. The largest eigenvalue found, l = −0.00018 µ̃mn−1

∗ , is close to zero. Further, one can
distinguish 5-6 negative real eigenvalues, and a family of complex eigenvalues.11 The negative
real eigenvalues are numerical artefacts. They arise from the fact that, because g(eum∗,m∗)
approaches 0 linearly as u → − ln η (the largest adults do not grow), the matrix Hjk has for
large G in its lower right corner the approximate structure

. . .
...

−4A−B 0 0 0 0
3A −3A−B 0 0 0

· · · 0 2A −2A−B 0 0
0 0 A −A−B 0
0 0 0 0 −B


, (130)

with positive constants A and B that are independent of G. This leads to one eigenvector with
eigenvalue−B, localised on the last lattice point with small contributions in all other components,

11The picture for the full set of eigenvalues, none of which have real parts larger than those shown here, is more
complex.
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Figure 11: Eigenvalues l of the matrix Hij , a discretization of the McKendrick–von Foerster
operator, Eq. (47). (a) Naive implementation, exhibiting discretization artefacts. (b) Regularised
version, obtained by removing the last two rows and columns of Hij . (c) After removal of yet
another row and column. All eigenvalues are given in units of µ̃mn−1

∗ .

and a series of eigenvectors of the approximate forms (· · · , 0, 0,−1, 1, 0)T, (· · · , 0, 1,−2, 1, 0)T,
(· · · ,−1, 3,−3, 1, 0)T, . . . and corresponding eigenvalues −(2A+B), −(3A+B), −(4A+B), . . .
The strong localisation of these eigenvectors on the u-axis in the limit G → ∞ and their alter-
nating sign structures exclude them from the set of possible eigenvectors of the exact problem.

These artefacts can be suppressed by removing the last two points of the discretization lattice.
The spectrum of the regularised (G− 2)× (G− 2) matrix is shown in Fig. 11b. When removing
instead the last three lattice point, reducing Hjk to a (G − 3) × (G − 3) matrix, the structure
of the spectrum remains unchanged (Fig. 11c), indicating that the regularisation was successful.
The leading eigenvalue l = −0.00018 µ̃mn−1

∗ remains essentially unchanged close to zero. The
corresponding eigenvector, appropriately normalised, differs by no more than 0.5× 10−5 at any
lattice point from the exact solution of Hm∗f(u) = 0, given for u0 < u < − ln η by f(u) = β̃(u)
(as in Eq. (114)) and f(u) = 0 otherwise. This result confirms the numerical method used.

All eigenvalues but the leading one are complex. They are separate from the leading eigenvalue
by a gap of about 0.7 µ̃mn−1

∗ . The size of the gap approximately equals µ̃ (m∗/η)n−1, the
mortality of the largest adults, and it was verified to exhibit the corresponding dependence on
η. The density of the subdominant eigenvalues along a line in the complex plane (Fig. 11b)
was verified to increase approximately as G1/2. The results suggest that these subdominant
eigenvalues becomes a continuous family of eigenvalues in the limit G→∞, separated from zero
by gap of a size given by the mortality of the largest adults of the m∗ size class considered.
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Table 3: List of important symbols

Symbol Defined near Interpretation
Equation

α (11) Conversion efficiency
β Preferred predator-prey size ratio

β̃(w) (71) Equilibrium population structure on log-scale

β̃−(w) (73) β̃(−w)

β̃−ν (w) (126) eνwβ̃(−w)
γ (10) Coefficient of search/attack rate
ε (12) Efficiency of reproduction
η (11) Maturation- over asymptotic mass
κ0(w) (70) Individual-level interaction kernel on log-scale
λ (16) Exponent of community size spectrum
µp(m) (13) Predation mortality
µ0 (14) Coefficient of natural mortality
µ̃ (26) Coefficient of predation mortality
ν (73) 3− λ− n
σF (77) Width of harvested size range
φ(m) (19) Density of prey available

φ̃ (19) Coefficient of φ(m)
Φ(u) (79) Fishing pressure on log scale
ψ(x) (11) Reproduction selection function
aj(u, t) (93) Delocalised response to fishing pressure
a(m,m∗) (60) Specific physiological mortality
ã (35) Scale-free juvenile specific physiological mortality
b(u) (75) Perturbation of equilibrium biomass distribution over log-scale
b0(u) (89) Fourier solution of Species Size-Spectrum model
bc(u) (93) Core response to fishing pressure
B(m∗) (56) Reduced dynamic variables of QNA
Btot(m∗) (40) Scale-invariant biomass per maturation size class

B̃tot (40) Coefficient of Btot(m∗)
Bm∗ (49) Equilibrium biomass per maturation size class
Cm∗ (53) Normalisation constant of reproductive value
F (77) Maximal fishing mortality
f(m) (10) Degree of satiation
g̃(x) (24) Scale-free growth rate
g̃r(x) (24) Scale-free fecundity
g(m,m∗) (11) Growth rate
gr(m,m∗) (11) Fecundity
g̃0 (24) Coefficient of growth rate/fecundity
h (11) Coefficient of maximal food intake
Jm∗(m) (52) Equilibrium flow of reproductive value
k (11) Coefficient of metabolic loss rate
Ktot(m∗) (42) Metabolic losses per maturation size class

K̃tot (42) Coefficient of Ktot(m∗)
K(m∗,m

′
∗) (62) Population-level interaction kernel on linear scales

K̃(w) (74) Population-level interaction kernel on log-scales
Lm∗ (47) McKendrick–von Foerster operator
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Table 3: List of important symbols (continued)

Symbol Defined near Interpretation
Equation

L+
m∗ (51) Adjoint McKendrick–von Foerster operator

m Body size
M (75) Arbitrary unit mass
m∗ Body size at maturation
m0,m0(m∗) (16) Size of offspring
mF (79) Size class targeted by fishing
n (10) Exponent of physiological rates
N(m,m∗) (16) Distribution of individuals by body and maturation size
Ni(m) (9) Intraspecific size distribution

Ñ(x) (16) Scale-free intraspecific size distribution
N (m) (17) Community size spectrum

Ñ (17) Coefficient of community size spectrum
q (10) Exponent of search/attack rate
s(x) (8) Predator-prey size-ratio window
uF (108) Logarithmic size class targeted by fishing
Vm∗(m) (51) Reproductive value
Wσ(y) (3) Gaussian window
Wm∗(m) (48) Equilibrium population structure
x0 (29) Relative size of offspring
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