
VOLUME 76, NUMBER 25 P H Y S I C A L R E V I E W L E T T E R S 17 JUNE 1996
Weakly Nonlinear Theory of Pattern-Forming Systems with Spontaneously Broken Isotropy

A. G. Rossberg, A. Hertrich, L. Kramer, and W. Pesch
Physikalisches Institut der Universität Bayreuth, D-95440 Bayreuth, Germany

(Received 5 December 1995)

Quasi-two-dimensional pattern-forming systems with spontaneously broken isotropy represent a novel
symmetry class, that is, experimentally accessible in electroconvection of homeotropically aligned liquid
crystals. We present a weakly nonlinear analysis leading to amplitude equations which couple the short-
wavelength patterning mode with the Goldstone mode resulting from the broken isotropy. The new
coefficients in these equations are calculated from the hydrodynamics. Simulations exhibit a new type of
spatiotemporal chaos at onset. The results are compared with experiments. [S0031-9007(96)00476-0]

PACS numbers: 61.30.Gd, 47.20.Ky, 47.20.Lz
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ac driven electroconvection (EC) in nematic liqu
crystal (NLC) layers is one of the richest systems for
study of pattern-forming phenomena [1,2]. We consi
the typical thin-layer geometry with the (slightly conduc
ing) NLC sandwiched between glass plates coated w
transparent electrodes. An ac voltageU is applied across
the electrodes. By appropriate surface treatment of
glass plates the directorn̂ (the preferred orientation of th
NLC molecules) can be fixed at the boundaries. In p
ticular, the case of planar alignment (n̂ in the plane of the
layer) has been studied intensely. At onset one may
have normal rolls, where the wave vector is parallel to
undistorted director, or oblique ones.

The case of homeotropic surface anchoring (n̂ aligned
perpendicularly to the boundaries) where the system
isotropic in the plane of the layer (­ x-y plane) offers
novel possibilities. Then, in the traditional EC materi
with negative dielectric anisotropy, the voltage appl
across the layer will first turn the director away fro
the layer normal (bend Freédericksz transition) lead
to a quasiplanar director configuration (see, e.g., [
The spontaneously chosen direction of the bend (
direction of the projection of̂n on the x-y plane) will
be denoted bŷc ­ ĉsr, td sjĉj ­ 1d. Further increase o
the voltage will eventually generate EC in close analo
to the planar case [4]; in fact, nucleation to norm
oblique, and traveling rolls has been observed [5]. T
notable difference to the planar case is that the prefe
axis (the in-plane director̂c) is degenerate and not fixe
externally (neglecting unavoidable inhomogeneities an
the absence of a planar magnetic field). Then obli
rolls are not expected to lead to a stable pattern bec
they will, in general, exert a torque on̂c which cannot be
compensated. Even normal rolls, where a torque is ab
because of symmetry, can be unstable because trans
modulations can be enhanced by the torque.

Here we will investigate the situation by setting
a novel weakly nonlinear description that incorpora
the critical convection mode together with the Goldsto
mode resulting from the spontaneous breaking of
Os2d symmetry by the bend Freédericksz transition. T
general form of the equations is derived from symme
0031-9007y96y76(25)y4729(4)$10.00
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considerations. Analyzing the stability of rolls indicate
that one may expect spatiotemporal chaos (STC) at on
under very general conditions. In fact, this is probably t
first experimentally accessible example of a nonrotat
system with a direct transition to STC in a stationa
(non-Hopf) bifurcation [5,6]. The new coefficients of th
equations are then calculated from the underlying stand
hydrodynamic theory making quantitative comparis
with experiments on MBBA [N-(p-methoxybenzylidene)-
p-butylaniline] without adjustable parameters in princip
possible. We end up by showing the results of t
simulations.

First we consider the situation where the orientation
ĉ differs only by a small anglew from an overall direction
that we choose as thex axis [thenĉ ­ scosw, sinw, 0d ø
s1, w, 0d]. For simplicity, we present the analysis for th
normal-roll case, but it was also done for oblique rolls a
some results will be given for that case. Letqc ­ sqc, 0d
be the wave vector of the most unstable convection mo
when w ­ 0. Near threshold, the physical state can
written in the form

Vsr, z, td ­ fVs1dsz, tdAsr, tdeiqc?r 1 c.c.g

1 VGsz, tdwsr, td 1 h.o.t., (1)

where V is a formal vector consisting of the thre
components of the velocity, the director̂n, and the
charge density.A ­ const andw ­ 0 yield the critical
mode at the threshold0 ­ ´ ­ sU2 2 U2

c dyU2
c . The

reduced description in terms of the modulation amp
tudes A and w has to respect the symmetries of th
underlying hydrodynamic equations and the Freéderic
state. Thus we require invariance of the equatio
under translationsr ! r 1 r0, A ! Ae2iqc?r0 d, rotation
sw ! w 1 d, r ! r 1 dẑ 3 r, ≠x ! ≠x 2 d≠y, ≠y !

≠y 1 d≠x, A ! Aeidẑ3qc?$rd, three-dimensional inversion
sx ! 2x, y ! 2y, A ! Apd, reflection at thex axis
s y ! 2y, w ! 2wd, and time translationst ! t 1 t0d.
We consider the regime near onsets´, jAj ø 1d where
slow spatial and temporal variationss≠x , ≠y , ≠t ø 1d can
be assumed. However, similar to [7], no specific scali
relations are assumed at this point.
© 1996 The American Physical Society 4729
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By retaining only the leading terms allowed by symm
tries, the equations describing the evolution ofA and w

can be determined up to prefactors:

t≠tA ­ f´ 1 j2
xx≠2

x 1 j2
yys≠y 2 iqcwd2

2 gjAj2 1 ibyw,ygA , (2)

g̃1≠tw ­ K1≠2
yw 1 K3≠2

xw 2 x̃aH2w

1
G

4
f2iqcAps≠y 2 iqcwdA 1 c.c.g . (3)

In (2) and in similar equations the derivative operators≠x ,
≠y operate onA only, while w,y is the derivative ofw
in the y direction. All coefficients are real, and we w
assume all butby , G to be positive. The coefficientsby

and G describe the novel effects. The last expressio
Eq. (3) describes the torque exerted by the roll pattern
ĉ. An additional term2x̃aH2w is included in Eq. (3)
to allow a continuous transition from the rotationa
invariant case to the case of fixed̂c, as for planarly
aligned cells. Physically,H corresponds to a stabilizin
magnetic field parallel to thex axis. In the special cas
by ­ 2j2

yyqc, the anglew would play the role of a
gauge field, and Eq. (2) could be derived from a poten
If also G . 0, both equations can be derived from
Lyapunov functional. However, in our nonequilibriu
system, there is no reason to assume the existence
potential. For MBBA we findG , 0, which implies a
“repulsive torque” between the direction of the local wa
vector andĉ. Then atH ­ 0 all ordered roll solutions
are, in fact, unstable (see below).

For H ­ 0, Eqs. (2) and (3) become uniform iń
when the scaling≠x , ≠y, A, w , ´1y2, and ≠t , ´ is
adopted. This is a major difference to similarly looki
coupled amplitude equations describing mean-flow eff
in isotropic Rayleigh-Bénard convection [7–9]. Sincew

is also scaled, this is not applicable to Eqs. (13) and
below because therew is 2p periodic.

After rescaling (2) and (3) one arrives at the norm
form

ť≠t Ǎ ­ f1 1 ≠2
x 1 s≠y 2 iw̌d2 2 jǍj2 1 ib̌yw̌,ygǍ ,

(4)

≠tw̌ ­ ≠2
yw̌ 1 Ǩ3≠2

xw̌ 2 ´21Ȟ2w̌

1 Ǧf2iǍps≠y 2 iw̌dǍ 1 c.c.g , (5)

where A ­ s´ygd1y2Ǎ, x ­ jxx´21y2x̌, y ­ jyy´21y2y̌,
w ­ ´1y2w̌yjyyqc, t ­ g̃1j2

yy ťy´K1, b̌y ­ byyj2
yyqc,

Ǩ3 ­ K3j2
yyyK1j2

xx , Ȟ2 ­ xaj2
yyH2yK1, Ǧ ­ q2

cj2
yyGy

4gK1, ť ­ K1tyg1j2
yy . The caret has been suppress

on the variablesx, y, t in Eqs. (4) and (5).
The stationary, uniform solutions of these equations

Ǎ ­ Ǎ0eisQx1Pyd, w̌ ­ w̌0 ­ 2ǦǍ2
0PysȞ2y´ 1 2ǦǍ2

0d,
A2

0 ­ 1 2 sP 2 w̌0d2 2 Q2. We now present the mai
results of the stability analysis of these roll solutions.
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Ǧ , 0 andH ­ 0 rolls are always unstable at onset, a
one expects a (direct) transition to spatiotemporal cha
For Ȟ fi 0 and b̌y , 0 one has a kind of Eckhau
instability associated with a finite angle between t
director and the local wave vector of the rolls, where
for b̌y . 0 an instability induced by director modulation
via theb̌y term in (4) is dominating.

Perturbations can, in general, be cast in the follow
form:

dǍ ­ sA1est1iskxx1kyyd 1 A2espt2iskx x1kyyddeisQx1Pyd,

dw̌ ­ sw̃est1iskx x1kyyd 1 c.c.d . (6)

The case w̌0 ­ 0 ­ P is particularly simple. Then
the constant-amplitude solutions are stable ifȞ2y´ 1

2Ǧs1 2 Q2d . 0, Ȟ2y´ 1 2Ǧs1 2 Q2ds1 1 b̌yd . 0,
and Q2 , 1y3 (Eckhaus criterion). ForȞ ­ 0 stable
rolls requireǦ . 0, 1 1 b̌y . 0, and Q2 , 1y3. Oth-
erwise, one has stability ifPǦyw̌0 . 0, b̌yw̌0yP . 21,
and detMij . 0, where

Mxx ­ 1 2 sP 2 w̌0d2s1 1 2w̆0yPd 2 3Q2,

Mxy ­ Myx ­ sP 2 w̌0dQfs1 2 b̆ydw̆0yP 2 2g , (7)

Myy ­ s1 1 b̌yw̌0yPd f1 2 3sP 2 w̆0d2 2 Q2g .

The direction ofskx , kydcrit at the marginal point detMij ­
0 is given by the null space ofMij .

At the generalized Eckhaus boundarysP 2 w̌0d2 1

Q2 ­ 1y3 known for planarly aligned EC [2], detMij ,
2sw̌0yPd2 is already negative. Thus, as expected,
additional degree of freedomw leads to a destabilization
of the system.

Expanding for smallP and Q, we find the uniform
solution to be stable fořH2 . Ȟ2

crit where

Ȟ2
crit

´
­ 22ǦǍ2

0s1 1 31y2jPj 1 3P2 1 h.o.t.d (8)

if by , 0 and

Ȟ2
crit

´
­ 22ǦǍ2

0

µ
1 1 b̌y 1

s1 1 b̌yd4

b̌3
y

P2Q2 1 h.o.t.

∂
(9)

if by . 0. Since, in the latter case, the right-hand sid
is dominated by the quadratic dependence ofǍ2

0 on P, Q,
small but finiteP, Q are more stable thenP, Q ­ 0.

We expect that an experimental verification of t
stability analysis is possible. Note that the value ofP can
be adjusted by turning the magnetic field with respec
the probe after a stable roll pattern has been establish

The analogous equations for the amplitudesA1, A2
of oblique rolls (zig and zag) have additional term
and the expression for the torque on̂c acquires the
form GqcpcsjA1j

2 2 jA2j
2dy2. If the crossed-roll solution

jA1j ­ jA2j is preferred over simple rolls (e.g.,A1 fi

0, A2 ­ 0), the situation is presumably analogous



VOLUME 76, NUMBER 25 P H Y S I C A L R E V I E W L E T T E R S 17 JUNE 1996

e
fo
e-

ffi-
ns
ol-
ua
to

c
th

l o

d
de

in
[7

m

s
t

s
he
e
c

rm

ions.

e)
s
3)
ri-

ffi-

f
i-

e-
f

ery
e-
me
rn

Pre-
s is
me

er-
ls
that of normal rolls (no torque on the director for th
unmodulated solution). In the opposite case (as
MBBA), the resulting equations have no nontrivial tim
independent roll solution. In that case,´ cannot be scaled
out completely and one gets different scaling ranges.

Next we describe the calculation of the coupling coe
cientsby andG from the standard hydrodynamic equatio
for NLCs [10,11]. The other coefficients are obtained f
lowing standard procedures (see, e.g., [11,12]). As us
the set of equations is decomposed into a sum of opera
operating on the state vectorsV ­ Vsr, z, td. Each op-
erator is linear in each of its arguments:

0 ­ OsVd ­ 2B≠tV 1 LV 1 N2sVjVd 1 · · · . (10)

The operatorOsVd depends oń in two ways: by the
explicit action of the electric field and the field dependen
of the Freédericksz state, which is the basic state in
formalism.

Two components can be distinguished in the kerne
L: the convective modeV s1d at wave vectorsq ­ 6qc

and the Goldstone modeVG at q ­ 0 [4] normalized
such that it corresponds todny ­ ≠ĉy≠wjw­0. Near
onset these two modes govern the dynamics describe
Eqs. (2) and (3). We will also need the linear eigenmo
V s1dspd, VGspd of (10) into whichV s1d and VG develop
for transverse modulations, i.e., atq ­ 6sqc, pd and
6s0, pd, respectively. The coefficients are obtained
some analogy to the treatment of mean-flow effects
9] and of the concentration field in binary fluids [13].

Let kV1, V2l be a scalar product andVs1d1spd andV1
G

be the adjoint eigenvectors ofL corresponding toV s1dspd
andVG . The coefficientby in Eq. (2) turns out to be

by ­ 2 kV s1d1, s≠´LdV s1dl21 d
dp

3 kV s1d1spd, fN2sssV s1djVGspdddd

1 N2sssVGspdjV s1ddddgljp­0, ´­0 . (11)

The coefficient of the hydrodynamic angular momentu
in (3) is

Gqc

2
­ C

d
dp

kV1
G , N2sssVspdjVspddddljp­0 , (12)

whereC is chosen such that̃g1 ­ 1.
In order to explore the attractor in the roll-unstable ca

and to compare the long-time dynamics with experimen
the assumption thatw be small must be relaxed (at lea
at H ­ 0). One, in fact, only needs the condition that t
local wave vector differs little from a (local) critical wav
vectorqcĉ. Formally, this can be achieved by reintrodu
ing the fast variationsÃ ­ Aeiqc?rd and rewriting deriva-
tives and the magnetic torque in rotation-invariant fo
(we write ĉ' ­ ẑ 3 ĉ),

t≠t Ã ­ f´ 1 j2
xxsĉ ? ≠r 2 iqcd2 1 j2

yysĉ' ? ≠rd2

2 gjÃj2 1 iby ĉ' ? =wgÃ , (13)
r

l,
rs

e
is

f

in
s

–

g1≠tw ­ K3ĉ' ? =2ĉ 1 sK1 2 K3dĉ' ? =s= ? ĉd

1 xasĉ ? Hd sĉ' ? Hd

1
G

4
f2iqcÃpsĉ' ? ≠rdÃ 1 c.c.g . (14)

These equations have been used for numerical simulat
In Fig. 1 we compare snapshots ofc ­ Ã 1 c.c. from

our simulations (left side) with experiments (right sid
from [5,6] (́ ­ 0.02, H ­ 0). Material parameters a
in [4] were used to calculate the coefficients of (1
and (14). For normal rolls (upper pair), at the expe
mental driving frequencyvt0 ­ 1.75 (t0 ­ e0e'ys'

is the charge relaxation time), the calculated coe
cients aret ­ 0.0292, qc ­ 2.71, j2

xx ­ 0.434, j2
yy ­

0.225, by ­ 20.60, K1 ­ 1.01, K3 ­ 1.28, g ­ 4.37,
G ­ 212.8, xa ­ 1. (We measure length in units o
dyp with d the thickness of the fluid layer, time in d
rector relaxation timestd ­ g1d2yk11p2, and magnetic
fields in Freédericksz fieldsH2

f ­ k11p2yxad2.) For
oblique rolls (atvt0 ­ 0.73, lower pair) we proceeded
analogously. In order to obtain a good fit to the wav
length the thicknessd ­ 28.5 mm was used instead o
the nominal valued ­ 20 mm given in [14] (d was not
measured directly). This only rescales length.

The patterns in experiments and simulations look v
similar. Although in the normal roll regime some d
fects appear, the rolls are locally aligned along so
main direction. In the simulations we find the patte
to change on a time scaletcye ­ 0.8 [tc is defined
by kcs$r , t 2 t0dcsr, t0dlr,t0 , exps2jtjytcd] while the ex-
perimental state appeared to be time independent.
sumably, some pinning of the pattern in the experiment
responsible for this disagreement. The oblique roll regi
e
s,
t

-

FIG. 1. Simulations of Eqs. (13) and (14) (left) versus exp
iment [23] (right) for normal (top) and oblique (bottom) rol
(see text).
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is dominated by a superposition of zig and zag. Ag
the preferred axis changes only over large distances
persistent time dependence was observed in simula
st0ye ­ 0.5d and experiments. Unfortunately, the expe
ments are still preliminary so far. A systematic expe
mental investigation is under way [15].

Equations (4) and (5) represent normal-form equat
for quasi-2D pattern-forming systems with a novel kind
symmetry, and should thus be of general interest. O
realizations might be found in convection instabilities
smectic-C liquid crystals, where one has âc director
from the beginning, and in Rayleigh-Bénard convection
homeotropically aligned NLCs with an additional elect
field. In this case the fields that drive the Freéderic
transition and the convection instability, respectively, c
be varied independently, which should allow one to acc
a large parameter range of Eqs. (4) and (5).

For H ­ 0 and G , 0, Eqs. (13) and (14) describ
STC at onset. There is some analogy to a recent in
tigation of a 1D model for seismic waves, where a sp
taneous symmetry breaking is also important [16]. Ot
examples of STC at onset are the Küppers-Lortz insta
ity (in rotating Rayleigh-Bénard convection [17,18]) a
systems undergoing a Hopf bifurcation. Here one has
Benjamin-Feir destabilization mechanism (see, e.g.,
and, as a recent example, [20]) and the so-called dis
sive chaos, where a quantitative description by a sim
Ginzburg-Landau equation should be possible [21].
origin of chaotic behavior is of course very different
the various systems, and their detailed comparison app
fruitful. Work on the characterization of the complex sp
tiotemporal states is in progress, with particular emph
on the transition to order under the influence of the st
lizing magnetic field.

For ordinary stationary bifurcations (and Hopf bifurc
tions in the Benjamin-Feir stable range) the onset of S
is presumably always at finité (possibly quite small), a
least as long as the effects from lateral boundaries pla
role. The examples are the usual case of EC with pla
alignment [22], besides our system in the presence
stabilizing magnet field.

We wish to thank A. Buka and H. Richter for discu
sions and for providing us with unpublished materia
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