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Weakly Nonlinear Theory of Pattern-Forming Systems with Spontaneously Broken Isotropy
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Quasi-two-dimensional pattern-forming systems with spontaneously broken isotropy represent a novel
symmetry class, that is, experimentally accessible in electroconvection of homeotropically aligned liquid
crystals. We present a weakly nonlinear analysis leading to amplitude equations which couple the short-
wavelength patterning mode with the Goldstone mode resulting from the broken isotropy. The new
coefficients in these equations are calculated from the hydrodynamics. Simulations exhibit a new type of
spatiotemporal chaos at onset. The results are compared with experiments. [S0031-9007(96)00476-0]

PACS numbers: 61.30.Gd, 47.20.Ky, 47.20.Lz

ac driven electroconvection (EC) in nematic liquid considerations. Analyzing the stability of rolls indicates
crystal (NLC) layers is one of the richest systems for thehat one may expect spatiotemporal chaos (STC) at onset
study of pattern-forming phenomena [1,2]. We consideunder very general conditions. In fact, this is probably the
the typical thin-layer geometry with the (slightly conduct- first experimentally accessible example of a nonrotating
ing) NLC sandwiched between glass plates coated witlsystem with a direct transition to STC in a stationary
transparent electrodes. An ac voltages applied across (non-Hopf) bifurcation [5,6]. The new coefficients of the
the electrodes. By appropriate surface treatment of thequations are then calculated from the underlying standard
glass plates the directdr (the preferred orientation of the hydrodynamic theory making quantitative comparison
NLC molecules) can be fixed at the boundaries. In parwith experiments on MBBA II-(p-methoxybenzylidene)-
ticular, the case of planar alignmeit ih the plane of the p-butylaniline] without adjustable parameters in principle
layer) has been studied intensely. At onset one may thepossible. We end up by showing the results of the
have normal rolls, where the wave vector is parallel to thesimulations.
undistorted director, or oblique ones. First we consider the situation where the orientation of
The case of homeotropic surface anchorifigaligned ¢ differs only by a small angle from an overall direction
perpendicularly to the boundaries) where the system ithat we choose as theaxis [thené = (cosp, sing, 0) =
isotropic in the plane of the layer<x-y plane) offers (1, ¢, 0)]. For simplicity, we present the analysis for the
novel possibilities. Then, in the traditional EC materialsnormal-roll case, but it was also done for oblique rolls and
with negative dielectric anisotropy, the voltage appliedsome results will be given for that case. lget= (g.,0)
across the layer will first turn the director away from be the wave vector of the most unstable convection mode
the layer normal (bend Freédericksz transition) leadingvhen ¢ = 0. Near threshold, the physical state can be
to a quasiplanar director configuration (see, e.g., [3])written in the form
The spontaneously chosen direction of the bend (i.e., W i
direction of the projection ofi on the x-y plane) will V(r,z,0) = [V (z, )A(r, 1)e'*™ + c.c]
be denoted b¢ = &(r, ) (Jé| = 1). Further increase of + Vg(z,)e(r,t) + h.o.t., @
the voltage will eventually generate EC in close analogy
to the planar case [4]; in fact, nucleation to normal,where V is a formal vector consisting of the three
oblique, and traveling rolls has been observed [5]. The&omponents of the velocity, the directdr, and the
notable difference to the planar case is that the preferregharge density.A = const andp = 0 yield the critical
axis (the in-plane directog) is degenerate and not fixed mode at the threshol® = ¢ = (U? — U2)/U2. The
externally (neglecting unavoidable inhomogeneities and ifieduced description in terms of the modulation ampli-
the absence of a planar magnetic field). Then obliquéudes A and ¢ has to respect the symmetries of the
rolls are not expected to lead to a stable pattern becausgderlying hydrodynamic equations and the Freédericksz
they will, in general, exert a torque d@which cannot be state. Thus we require invariance of the equations
compensated. Even normal rolls, where a torque is absetinder translationr — r + ro, A — Ae™'4™), rotation
because of symmetry, can be unstable because transvefse— ¢ + 8,r = r + 62 X1, 9, — 9, — 69,, 9, —
modulations can be enhanced by the torque. dy + 83, A — Ae!o%4-7)  three-dimensional inversion
Here we will investigate the situation by setting up (x — —x, y — —y, A — A¥), reflection at thex axis
a novel weakly nonlinear description that incorporated y — —y, ¢ — —¢), and time translatioft — ¢ + 7).
the critical convection mode together with the GoldstonéWe consider the regime near onget|A| < 1) where
mode resulting from the spontaneous breaking of thelow spatial and temporal variatios,, d,,d, < 1) can
0(2) symmetry by the bend Freédericksz transition. Thebe assumed. However, similar to [7], no specific scaling
general form of the equations is derived from symmetryrelations are assumed at this point.
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By retaining only the leading terms allowed by symme-I" < 0 andH = 0 rolls are always unstable at onset, and
tries, the equations describing the evolutionsofnd ¢ one expects a (direct) transition to spatiotemporal chaos.
can be determined up to prefactors: For H # 0 and B, <0 one has a kind of Eckhaus

_ 2 .2 2 . > instability associated with a finite angle between the
7,4 = [e + £, 9, + fy)’(ay iqe) director and the local wave vector of the rolls, whereas

— glA? + iBye,]A, (2) for B, > 0 an instability induced by director modulations
via the B, term in (4) is dominating.
Y10, = Klafgp + K38§g0 - )?aH2<p Perturbations can, in general, be cast in the following

T . form:
+ T[_I%A (8y — igcp)A + c.cl. (3) S = (A* e TR 4 A gt ik ) 0P,
In (2) and in similar equat.ions thg derivativg operaiors 5 = (pe!Tilkrthy) 4o oy (6)
d, operate onA only, while ¢, is the derivative ofp

in the y direction. All coefficients are real, and we will The case$y = 0 = P is particularly simple. Then
assume all bug,, I' to be positive. The coefficient8,  the constant-amplitude solutions are stableHit/s +
and T describe the novel effects. The last expression ireI'(1 — Q%) >0, H?*/e +2I'(1 — Q*)(1 + By) > 0,
Eq. (3) describes the torque exerted by the roll pattern oand Q> < 1/3 (Eckhaus criterion). Fo#d = 0 stable
¢. An additional term—y,H?¢ is included in Eq. (3) rolls requirel” >0, 1 + 3, > 0, and Q2 < 1/3. Oth-
to al!ow a continuous transition from the rotationally erwise, one has stability 1"/ ¢¢ > 0, Bydo/P > —1,
invariant case to the case of fixet] as for planarly gnd detv;; > 0, where

aligned cells. Physicallyd corresponds to a stabilizing ' ) )

magnetic field parallel to the axis. In the special case ~ Mx = 1 = (P — ¢o)°(1 + 2¢¢/P) — 307,

By = —fquc, the angleey would play the role of a Mo = M. = (P — & 1 — Boa/P — 2 7
gauge field, and Eq. (2) could be derived from a potential. =~ - v( )0 ﬂ})%z/ 2]’ 0
If also I' > 0, both equations can be derived from a M,y = (1 + By@o/P)[1 — 3(P — ¢o)” — Q7].
Lyapunov funcponal. However, in our nonequmbnum The direction ofik., , )ric at the marginal point det,; =
system, there is no reason to assume the existence ofoaIS iven by the null space i

potential. For MBBA we findI' < 0, which implies a 9 y P e

i — )2
“repulsive torque” between the direction of the local wave QzA t= tT/e3 gkﬁg(\?vrr?l:‘f)?d lf:;(nal;s” tr)g:jngagﬁz] é’g’t)" i
vector andé. Then atH = 0 all ordered roll solutions P y allg o

are, in fact, unstable (see below) —(po/P)* is already negative. Thus, as expected, the
F’or H ” 0, Egs. (2) and (3) .become uniform ia additional degree of freedom leads to a destabilization

when the scalingd,,d,,A,¢ ~ €'/2, and 9, ~ & is of the system. . .
adopted. This is a major difference to similarly looking _=xPanding for small> :and ¢, we find the uniform
coupled amplitude equations describing mean-flow effectgOIUtlon to be stable fak™ > Hy, Where
in isotropic Rayleigh-Bénard convection [7-9]. Singe H2
is also scaled, this is not applicable to Egs. (13) and (14)
below because therg is 27 periodic. ]

After rescaling (2) and (3) one arrives at the normalif 8y < 0 and
form B riofy s gy 00 B s

Fod=[1+ 32+ (0, — ig) — AP + iB, &, A, . (1+ 50+ B et not)
4) ©)

if B, > 0. Since, in the latter case, the right-hand side.
. - . is dominated by the quadratic dependencébn P, Q,
+ I'[-iA" (9, — i¢)A + c.c], (5)  small but finiteP, Q are more stable theR, O = 0.

B 2y . 12y o 12y We expect that an experimental verification of the
WherelAzj (e/8) /"A, x = g"fs X,y = éye , 7»  stability analysis is possible. Note that the valugPotan
$=¢ / ¢/&yy4c, r= Vi&yi/eK1, By = By/&de:  be adjusted by turning the magnetic field with respect to
K3 = K35, /K€%, H> = xaé5,H* /K1, T = q2£5, T/ the probe after a stable roll pattern has been established.
4gK;, T = Klr/ylggy. The caret has been suppressed The analogous equations for the amplitudes A,
on the variables, y, ¢ in Egs. (4) and (5). of oblique rolls (zig and zag) have additional terms,

The stationary, uniform solutions of these equations arand the expression for the torque d@n acquires the
A = Age'@HP) = g = 2TA P /(H?/e + 2T'A}), form [g.p.(|A;]* — |A,]?)/2. If the crossed-roll solution
Ab=1- (P — ¢)* — 0?. We now present the main |A;| = |A,| is preferred over simple rolls (e.g4, #
results of the stability analysis of these roll solutions. For), A, = 0), the situation is presumably analogous to

= —2TAZ(1 + 3'2|p| + 3P% + h.ot) (8)

0 = 0yp + Kaoip — & 'Hp
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that of normal rolls (no torque on the director for the  y,0,¢ = K3é, - V?¢ + (K, — K3)é, - V(V - &)

unmodulated solution). In the opposite case (as for + oy - H) (@, - H)

MBBA), the resulting equations have no nontrivial time- Xa 1

independent roll solution. In that cagecannot be scaled | O ~

out completely and one gets different scaling ranges. + T[_lch (€1 - 3r)A + cc]. (14)
Next we describe the calculation of the coupling coeffi-These equations have been used for numerical simulations.

cientsg, andI" from the standard hydrodynamic equations |n Fig. 1 we compare snapshotsf= A + c.c. from

for NLCs [10,11]. The other coefficients are obtained fol-our simulations (left side) with experiments (right side)

lowing standard procedures (see, €.9., [11,12]). As usuafyom [5,6] (¢ = 0.02, H = 0). Material parameters as

the set of equations is decomposed into a sum of operatoj§ [4] were used to calculate the coefficients of (13)

operating on the state vecto®s = V(r,z,1). Each op- and (14). For normal rolls (upper pair), at the experi-

erator is linear in each of its arguments: mental driving frequencywry = 1.75 (1o = €oe. /o1
0=0(V)=—Bo,V + LV + No(V|[V) + ---. (10) Iis the charge relaxation time), the calculated coeffi-

_ cients arer = 0.0292, g, = 2.71, £}, = 0434, ¢} =
The operatorO(V) depends ore in two ways: by the (555 By = —0.60, K; = 1.01, K3 = 1.28, g = 4.37

explicit action of the electric field and the field dependencer — —12.8_ Yo = 1. (We measure length in units of
of the Freédericksz state, which is the basic state in thia/ﬂ. with d the thickness of the fluid layer, time in di-
formalism. o , rector relaxation times,; = y;d?/k;; 72, and magnetic
Two components can t?? distinguished in the kernel ofio4s in Freédericksz fieIdsH% — knm?/yad®) For
. H 1 _ y )
L: the convective mod&/"" at wave Vectorsy = *q.  gpjique rolls (atwro = 0.73, lower pair) we proceeded
and the Goldstone mod¥; at q = 0 [4] normalized  5n510g0usly. In order to obtain a good fit to the wave-

such that it corresponds t0n, = 9¢/d¢le—o. Ne€&r |anaih the thickness = 28.5 um was used instead of
onset these two modes govern the dynamics described {ie nominal valuel = 20 um given in [14] @ was not

Ec(ﬁ' (2) and (3). We will also need(&?e linear eigenmodeseasyred directly). This only rescales length.
VIP(p), Vg(p) of (10) into which V" and Vi develop The patterns in experiments and simulations look very

Tr transverse modulations, i.e., # = *(qc,p) and  gmijar. Although in the normal roll regime some de-
*(0, p), respectively. The coefficients are obtained ingqiq appear, the rolls are locally aligned along some

some analogy to the treatment of mean-flow effects [74n5in direction. In the simulations we find the pattern
9] and of the concentration field in binary fluids [13]. to change on a time scale/e = 0.8 [r. is defined

Let (V, V2) be a scalar product ard*(p) and Vg by (W7ot — t0)i5(r, t0)er ~ €XP(—t]/1.)] while the ex-
be the adjoint eigenvectors afcorresponding t/"(p)  perimental state appeared to be time independent. Pre-
andVg. The coefficien3, in Eq. (2) turns out to be sumably, some pinning of the pattern in the experiments is
responsible for this disagreement. The oblique roll regime

|

By = — (VI 3, LV0y
dp

X (VO (p), IN2(VV V()
+ Na(Vo (PIV)Dlp=0, s=0.  (11)

The coefficient of the hydrodynamic angular momentum
in (3) is

g,
2

whereC is chosen such that, = 1.

In order to explore the attractor in the roll-unstable case
and to compare the long-time dynamics with experiments,
the assumption thap be small must be relaxed (at least
atH = 0). One, in fact, only needs the condition that the
local wave vector differs little from a (local) critical wave
vectorg.¢. Formally, this can be achieved by reintroduc-
ing the fast variatiofA = Ae’9T) and rewriting deriva-
tives and the magnetic torque in rotation-invariant form
(we write¢, = z X ¢),

=C£<V$,N2(V(P)|V(P))>|p0, (12)

)
(

M(
I ﬁﬁ%

)

—_—

T9A =le + &2.(& - 0, — ig.)* + E2.(¢, - 9.)? FIG. 1. Simulations of Egs. (13) and (14) (left) versus exper-
! [ fx( ' ac) 5 fyy( L) iment [23] (right) for normal (top) and oblique (bottom) rolls
— glA> +iB,e, - VolA, (13)  (see text).
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