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Abstract

The trophic link density and the stability of food webs are thought to be related, but the nature of this relation is controversial. This

article introduces a method for estimating the link density from diet tables which do not cover the complete food web and do not resolve

all diet items to species level. A simple formula for the error of this estimate is derived. Link density is determined as a function of a

threshold diet fraction below which diet items are ignored (‘‘diet partitioning function’’). Furthermore, analytic relationships between

this threshold-dependent link density and the generality distribution of food webs are established. A preliminary application of the

method to field data suggests that empirical results relating link density to diversity might need to be revisited.

r 2006 Elsevier Ltd. All rights reserved.

Keywords: Food webs; Link density; Link-species scaling; Complexity–diversity relationship
1. Introduction

It is already 33 years ago that, based on numerical results
of Gardner and Ashby (1970), May (1973) gave an analytic
argument that there should be an upper limit to the link

density—the ratio of the number of trophic links (L) to the
number of species (S)—in stable ecological communities,
and it is still controversial if the argument applies or not.
Such a limit would imply an inverse relationship between
the ‘‘complexity’’ C ¼ L=S2 of stable communities and
their ‘‘diversity’’ S, or a loss stability with increasing
diversity at fixed complexity, somewhat against the
intuition that many ecological communities are highly
diverse and complex.

Large efforts have been made to either verify the original
prediction (the ‘‘link-species scaling law’’) or to establish
other scaling laws relating the number of species to the
number of links (e.g. Rejmánek and Stary, 1979; Yodzis,
1980; Cohen and Briand, 1984; Sugihara et al., 1989;
e front matter r 2006 Elsevier Ltd. All rights reserved.
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Schoener, 1989; Warren, 1989, 1990; Cohen et al., 1990;
Winemiller, 1990; Pimm, 1991; Havens, 1992; Deb, 1995;
Banašek-Richter et al., 2005). However, problems remain.
In the earlier works, the food webs considered were
probably too small. Recently, larger food webs have been
recorded and analysed, but often it is unclear if these can be
consistently compared, because the methods used to obtain
the data vary between data sets. Also, some data sets do
not distinguish between possible links (‘‘A can eat B’’) and
realized links (‘‘A does eat B here’’, see Kondoh, 2003).
In a recent work, Banašek-Richter et al. (2005), who give

a more detailed account of the debate than space permits
here, make use of two new measures of link density that
take differences in the strength of links explicitly into
account. Rather than simply computing the link density as
the number of links per species L=S, their measure is based
on the Shanon entropy index of the links of individual
species. Taking link strengths into account is important,
because most links are comparatively weak (Berlow et al.,
2004, and references therein), and the measured number of
links depends sensitively on some implicit or explicit link-
strength threshold above which links are considered as
present. In fact, Banašek-Richter et al. demonstrate that
the correlations between link density and web size become
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smaller and statistically insignificant when the new
measures are applied.

A problem that has remained unsolved is that, in
empirical data sets, species are often aggregated to trophic

species such as ‘‘small spiders’’ or ‘‘benthic phytoplank-
ton’’. Such lumping is known to affect the link density
(Sugihara et al., 1989; Martinez, 1991, 1993; Hall and
Raffaelli, 1991). Since May’s argument can be understood
as a generalization of the principle of competitive exclusion
(the broader the diets the more do niches overlap, resulting
in tougher competition), and the ecological unit of
competitive exclusion is the species, the link density
relevant for May’s argument should be defined based on
unlumped species alone.

Here, we present a method to estimate link density in this
sense from data sets that do not fully resolve all species.
Typical data for such an analysis are diet tables of
representative species in a food web. Such data are widely
available from the literature and large databases of diet
data are now being developed (e.g. Potier et al., 2005).
Thus, we expect that our method can contribute to
understanding the relationships between species number,
link number, and stability.

Link density is closely related to another concept of
community ecology, the trophic niche breadth. Link
density can be understood as a measure for the average
trophic niche breadth in a community. However, it is
important to distinguish the niche breadth relative to the
total variability of available resource items from the
breadth in terms of the number of prey species, which is
of interest here. Methods to determine the former can
utilize stable isotope analysis (Bearhop et al., 2004) or
principle component analysis of diet data (de Crespin de
Billy et al., 2000). A number of measures for the latter kind
of niche breadth have also been proposed, most of them
taking the highly uneven partitioning of diets into account
(e.g. Levins, 1968; Hurlbert, 1978; Ulanowicz and Wolff,
1991; Bersier et al., 2002; Banašek-Richter et al., 2005).
However, since it is not a priori clear which of these
measures is the ecologically most significant, we do here
compute the niche breadth as a function of a parameter y,
specifically, we compute the number of diet items that
contribute a fraction larger than y to the diet. From this
unifying measure, most other measures of niche breadth
can be derived. The food-web average of this function we
call the diet partitioning function (DPF). For each value of
y, the DPF gives the density of links above this threshold.
Although DPFs obtained from empirical (Winemiller and
Layman, 2006) or simulated (Drossel et al., 2004; Quince
et al., 2005) data can occasionally be found in the
literature, there has, to our knowledge, been no work so
far on the systematic analysis of the concept or a
comparison of DPFs from different sources.

By establishing analytic relationships between the DPF
and the distribution of generality (the number of prey
species of a single consumer species), we obtain a formula
for the sampling error of our link-density estimator which
takes phylogenetic correlations between resource species
into account, and can be computed from the sampled diet
data alone. This is important, because collections of diet-
and food-web data sets are rarely homogeneous enough to
justify the computation of variances (and the p-values for
scaling laws) from the variability across data sets.
The formula for the sampling error decomposes the error

into components from different sources, and thus helps to
plan future empirical work. In particular, we find that,
rather than a high quantitative accuracy of the diet data
(which is not easy to achieve, Smith et al., 2004), the
number of sampled species is important. Using the
formula, the sampling effort required to obtain a given
accuracy can be estimated.
The method we introduce here is an example showing

that better and more accurate characterizations of food-
web structure do not always require complete food-web
data sets, acquisition of which is laborious and expensive.
Careful sub-sampling of a web and statistical data
processing will often be sufficient for an accurate descrip-
tion and theory building.
In the following, we give a precise definition of the DPF

(Section 2) and then discuss some of its properties and
conceivable interpretations in Section 3. The method we
propose for estimating the DPF and its error from
incomplete diet data is explained in Section 4, and is
applied to some examples in Section 5. Section 6 closes
with some final remarks. Analytic calculations to derive
our results can be found in the Appendices.

2. The diet partitioning function

2.1. Traditional link density

The link-density Z in a food web is defined as the ratio

Z:¼
L

S
(1)

of the number of (directed) trophic links L and of the
number of species S in a food web. One finds values for Z

spread widely and cover the range from 1 to 20 in the
literature.
Counting the number of links L is a delicate business,

because, as explained above, there are many more weak
links than strong links (Berlow et al., 2004). Thus, results
depend strongly on the choice of the cutoff in link strength
below which links are not counted.
To some extent, a similar ambiguity exists also for the

number of species S. Usually there are just a few abundant
species and many rare species. Furthermore, most ecosys-
tems are open, and somewhat arbitrary criteria have to be
introduced to decide which species to include. For now, we
shall assume that the pool of species to be included in the
analysis, and hence S, has already been determined. Then
the dependence of L on the threshold translates directly
into a dependence of Z. Later, in Section 4.1, we shall
argue that, using an adequate measure of link density, the
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precise criterion for the exclusion or inclusion of species
will not strongly affect the result.
2.2. Measuring link strength

Various measures of trophic link strength have been used
in the literature (Berlow et al., 2004). The measure most
frequently used in the empirical literature is probably the
fraction a resource contributes to the diet of a consumer,
where the contribution can be measured in units of energy,
mass, or volume. Most commonly, mass fractions are cited.
Methods to determine diet fractions include gut content
analysis, forced regurgitation, direct observation of feeding
behavior, or analysis of feces. As measures of link strength,
diet fractions might sometimes be misleading. For example,
a link from an abundant consumer to a rare resource may
be weak, even though the resource’s abundance is fully
controlled by the consumer, if the consumer has other
resources that dominate its diet. A theoretically more
satisfactory measure of link strength might be the specific
consumption rate, i.e. the biomass flow from the resource
to the consumer per total biomass of resource and
consumer. However, this and many other measures of link
strength are more difficult to determine empirically than
diet fractions. And, in numerical or analytic food-web
models that incorporate the concept of energy- or mass
conservation, diet fractions are easily computed. Thus, diet
fractions seem to be the measure of link strength for which
a comparison of theory and observation is most easy, and
this is why we shall formulate our results in terms of diet
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fractions here. However, most results apply very similarly
also to other measures of link strength.
Let species j contribute the mass mjk to the diet (e.g. the

gut content) of consumer species k on the average. Then,
following, e.g. Drossel et al. (2004), the link strength from j

to k in terms of diet fractions is given by

ljk:¼
mjkP
h mhk

, (2)

where the sum runs over all species.
2.3. Consumer link density

For bottom species k (i.e. autotrophs and detrivorous),
ljk is undefined since the denominator in Eq. (2) is zero. We
decided to exclude bottom species from the analysis rather
than setting ljk ¼ 0 in this case. The link density can then
be defined as the consumer link density

Zc:¼
L

Sc

, (3)

where L is the number of links with ljkXy for some
threshold y, and Sc is the number of non-bottom species
(but Sc includes consumers for which all diet fractions
happen to be below the threshold). When the fraction B ¼

1� Sc=S of bottom species in a food web is known, the
link density in the conventional form (1) can be obtain
from Zc as

Z ¼ ð1� BÞZc. (4)
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For typical empirical data sets Bt0:25, thus Zc and Z are
of the same order of magnitude.
2.4. Definition and construction of the DPF

When all link strengths ljk are given, Zc can be computed
for any threshold y (0pyp1). Zc increases as y decreases,
for example, as shown in Fig. 1a. As an efficient way to
obtain ZcðyÞ, first make a list of the values of all link
strength ljk and sort it in decreasing order so that the ith
strongest link has strength li. Then, as illustrated in Fig. 1b,

ZcðyÞ ¼
i

Sc

for liXy4liþ1. (5)

Set ZcðyÞ ¼ 0 for y4l1. In view of conventions adopted for
graphs of similar relations such as rank-abundance plots,
we shall, in the following, exchange Zc and y axis (Fig. 1c)
and draw y logarithmically (Fig. 1d). We call the function
ZcðyÞ the DPF of a food web. When clear from the context,
this term is used also for the inverse function yðZcÞ.
2.5. Examples of DPF ignoring species lumping

Ignoring, for now, the fact that some ‘‘species’’ in food-
web data sets are actually aggregates, Fig. 2a shows the
DPF for six data sets that have been published in the
standard SCOR data format (Ulanowicz, 1999). The basic
characteristics of these curves can be found also for other
data: yðZcÞ decays approximately exponentially for inter-
mediate Zc. For Zct1 there are deviations from expo-
nentiality due to the normalization in Eq. (2): all curves
have to go through yð0Þ ¼ 1. For large Zc, there is a cutoff
which may or may not be a measurement artifact.

Link densities in these six food-web data sets are
correlated with S (the number of ‘‘living compartments’’
given in the SCOR files). For example, Fig. 2b shows Zc

values at y ¼ 0:01 vs. S for the six data sets considered. A
comparison of the rank ordering of S and Zc is sufficient to
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1998, Chesapeake Bay: Baird and Ulanowicz, 1989, Florida Cypress Wetlan

Seagrass: Christian and Luczkovich, 1999, Florida Mangroves: Ulanowicz et a

of ‘‘living compartments’’ in the data sets) and the link-density at y ¼ 0:01.
identify significant correlations (Spearman test, rs ¼ 0:94,
d.f. ¼ 4, po0:01, two-sided). However, in Section 5 we
shall argue that this conclusion does not withstand a more
careful analysis. The following two sections give the
necessary theoretical background.

3. Some properties of the DPF

In the following, we discuss some properties of the DPF
derived in Appendix A, which help in understanding and
interpreting this characterization of food webs.

3.1. Normalization and probability interpretation

The DPF always satisfies the normalization conditionZ 1

0

ZcðyÞdy ¼ 1. (6)

Yet, neither ZcðyÞ nor yðZcÞ have a direct interpretation as
probability densities. Instead, the following holds: the
probability pðf ÞDf that a consumer has a link with link
strength in the small interval ½f ; f þ Df � is given by the first
derivative of Zcðf Þ:

pðf Þ ¼ �Z0cðf Þ. (7)

3.2. DPF and generality distributions

For a given threshold y, or for the corresponding
link density ZcðyÞ, the cumulative generality distribution

(Camacho et al., 2002a,b) PgenðZc; nÞ can be defined as
the probability that a consumer has n or more links to
resources above the threshold. Given PgenðZc; nÞ and ZcðyÞ,
the probability pnðf ÞDf that the strength of the nth
strongest link of a consumer is in the small interval ½f ; f þ
Df � can be computed as

pnðf Þ ¼ �
dPgenðZcðf Þ; nÞ

dZc

Z0cðf Þ. (8)
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Empirical food-web data (Camacho et al., 2002a,b;
Stouffer et al., 2005) and theoretical considerations on
food-web evolution (Rossberg et al., 2006b) suggest that
there is a single family of distributions PgenðZc; nÞ that
describes a large number of food webs over a large range of
Zc (see Eq. (A.12)). By the connection between the DPF
and the generality distribution established in Eq. (8), this
universality can be used to derive further general properties
of the DPF.

3.3. Normalized ranks and their distribution

If li is the ith strongest link in a food web, then i is its
rank. We call z ¼ i=Sc its normalized rank. By Eq. (5),
z ¼ ZcðliÞ. By construction, normalized ranks are evenly
distributed on the z-axis with density one.

Intuitively, one might expect that the normalized rank zn

of the nth strongest link of a consumer, i.e. ZcðlnÞ if ln is its
nth largest diet fraction, is somewhere near n. In fact, one
finds that for networks with link strengths assigned
randomly between all species pairs, zn has the expectation
value n and the standard deviation n1=2. But for food webs
with the universal generality distributions of Camacho
et al. (2002a), zn scatters over a very broad range and its
expectation value diverges.

The reason is that the normalized ranks of the links
of a given consumer tend to cluster. Specifically, one can
define the probability pðz1; z2ÞDz1 of finding (for a given
consumer) a link with a normalized rank in the small
interval ½z1; z1 þ Dz1�, if another link with normalized rank
z2 has been found already. Using Eq. (8), we derive an
approximation of pðz1; z2Þ, which depends only on the ratio
z1=z2 (see Eq. (A.25)). As shown in Fig. 3, finding z1 near z2
is particularly likely. Through the interpretation of the
generality distributions by Rossberg et al. (2006b), this can
be traced back to phylogenetic correlations between link
strengths.
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Fig. 3. Maximum entropy estimate of the two-point density pðz1; z2Þ of
the normalized rank assuming the family of degree distributions (A.12).

The dash-dotted line is the asymptote for large or small z1=z2.
4. Estimating the DPF from incomplete information

4.1. Incomplete sampling of consumers

The value of Zc can be estimated also if, rather than the
diets of all consumers, only the diets of a representative
sub-sample of consumers are available. This estimate of Zc

is given by Eq. (3), however, with Sc now representing the
number of consumer species sampled, and L the number of
their above-threshold links to resources.
When interpreting the DPF as a food-web average that

can be estimated by sub-sampling, it becomes clear that the
problem of determining the boundaries of an ecosystem or
the question of the inclusion or exclusion of rare consumers
will not affect Zc much—provided we do account for all
above-threshold diet items of those consumers that are
included, irrespective if the resources are considered to be
part of community or not.
4.2. Incomplete resolution of diets

To obtain a consistent estimator of the link density even
when not all resource species are resolved in dietary data,
we shall assume the following:

The probability of lumping a species together with other
species into a single diet category does not depend on
the size of the species’ diet fraction.

Of course, many scenarios of data acquisition are
conceivable where this assumption is violated. But for the
most frequently cited reason for lumping species, that they
are too similar to be distinguished, there are no obvious
reasons why lumping should be more likely for either
abundant or rare species. We denote the probability for a
species not to be lumped together with one or many other
species by p.
Now, consider the list of those diet fractions that refer to

resolved resource species in an empirical data set. Rank
order the list and denote the jth largest diet fraction by l0j.
This list can be thought of as being obtained from
the unknown true list li of the diet fractions of these
consumers with consistent single-species resolution by
eliminating those entries that have been lumped, i.e. any
entry from the true list is contained in the list of known link
strengths with probability p. The jth fraction in the
empirical list corresponds to the ith fraction in the true
list with j � ip.
Thus

ZcðliÞ ¼
i

Sc

(9)

can be approximated as

Zcðl
0
jÞ �

j

pSc

. (10)
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The probability p can be estimated as

p � p̂:¼

P
k l0kP
i li

¼

P
k l0k

Sc

(11)

if none of the diet fractions dominates the sums. (Typically this
is the case when l015

P
i l0i.) The last equation follows from the

fact that li values from each consumer species in the sample
add up to one, so that the sum over all li is Sc. Finally, by
combining (10) and (11), one obtains the estimator

ẐcðyÞ ¼
jP
k l0k

for l0jXy4l0jþ1. (12)

It is easily verified that
R

ẐcðyÞdy ¼ 1 just as in Eq. (6).
Note that estimator (12) does not depend explicitly on

the number of consumer species included in the analysis.
Neither does the inclusion or exclusion of extremely weak
links (li � 0) affect the estimator, nor the inclusion or
exclusion of consumers for which not a single diet item has
been resolved at species level.

4.3. Error estimate

In Appendix B we derive an estimate of the error when
using the empirical ẐcðyÞ as an approximation of some
true ZcðyÞ. For not too small p̂Sc we find that
Zcðl

0
jÞ ¼ Ẑcðl

0
jÞ � ðRV Þ1=2Ẑcðl

0
jÞ, with the relative variance

consisting of two main components RV ¼ RVsamp þ RVmeas.
The first component is the variance due to sampling errors

RV samp ¼
5

3Sc

þ
1

j
þ

1� p̂

p̂2S2
c

X1
i¼1

l0i
2
�

2ð1� p̂Þ

jp̂Sc

Xj

i¼1

l0i. (13)

Typically, the largest contribution here comes for the first
addend, which is directly obtained as an integral over the
increased conditional density of normalized ranks pðz; z0Þ
(Section 3.3) due to clustering, and can be interpreted as an
effect of phylogenetic correlations.

The contribution RVmeas is due to errors in measuring
the diet fractions. When the error for each l0i is normally
distributed with standard deviation si, this is

RVmeas ¼

P1
i¼1 qið1� qiÞ

j2
þ

1� p̂

p̂2S2
c

X1
i¼1

s2i where

qi ¼
1

2
1� erf

jl0i � l0jj

si

ffiffiffi
2
p

 !" #
. ð14Þ

As we shall see below, this contribution is typically small
compared to RV samp.

5. Examples of DPF using the new estimator for the link

density

5.1. Typical DPF and their dependence on S

To illustrate the use of estimator (12) for the DPF and its
error formulae (13), (14), we come back to the data sets
analysed in Section 2, but now taking information
regarding species lumping (from the descriptions of the
compartments in the SCORE files and Ulanowicz et al.,
2003) into account. The requirement that p̂Sc should be
large (Sections 4.3, B.1) is satisfied at best for Florida Bay
(p̂Sc ¼ 6:8) and Chesapeake Bay (p̂Sc ¼ 4:3); for all other
data p̂Sc is below two. But for illustrative purposes, we
shall nevertheless proceed with a quantitative evaluation of
all data.
Fig. 4 shows the estimated DPF for four exemplary data

sets, assuming 30% relative errors in the diet fractions.
Compared to Fig. 2a, there are considerable changes. For
example, the estimate of Zcð0:01Þ for the Everglades
increased from about 6 to more than 17.
Fig. 5 shows values of Zcð0:01Þ estimated by linear

interpolation of ẐcðyÞ between the nearest y points. Due to
insufficient resolution (see Fig. 4), the data set for
Chesapeake Bay was excluded. The changes compared to
Fig. 2b are obvious. In particular, there is no significant
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positive correlation between Zc and S anymore (r ¼ 0:54,
data points weighted by variance; p ¼ 0:24, one-sided,
from bootstrap permuting S). This suggests that the
correlation between Zc and S found at the end of Section 2
was an artifact of not taking species lumping into account.
It is not clear to us in how far such artifacts also affec-
ted the conclusions that have been drawn from more
systematic investigations of larger food-web collections in
the past.

The weighted mean of the five values for Zcð0:01Þ is 8:2.
The data appear to be compatible with the hypothesis that
there is only a single, universal value of Zcð0:01Þ (sum of
squares¼ 6:0, p ¼ 0:20 assuming normal distributions, one-
sided). If so, the standard error for our estimate of Zcð0:01Þ
is 2:8, i.e. the 95% confidence interval for Zcð0:01Þ is
approximately ½2:6; 13:8�.

5.2. Error structure

As a typical example for the error structure of the
estimated DPF, Fig. 6 shows the contributions of the four
terms of Eq. (13) and the contribution by Eq. (14)
assuming 30% Gaussian errors for the diet fractions, as
well as the resulting total relative variance of Ẑc (solid line).
Even though rather large measurement errors were
assumed, their contribution (simple dashes) is nearly
always negligible. The largest contribution comes from
the phylogenetic correlations described by the first term in
Eq. (13). The total relative variance—and hence the relative
error—has a shallow minimum at y � 0:01, where corre-
lated errors from the numerator and the denominator of
(12) partially cancel each other.

6. Conclusions

In this work we proposed the DPF as a characterization
of trophic link density. A detailed discussion of the
mathematical properties of the DPF was provided. We
introduced an estimator to obtain the DPF from empirical
data and an error formula for this estimator.
It turns out that errors in measuring the diet fractions

affect the result only weakly, while the sample size Sc and
its completeness p strongly affect the accuracy (see
Eq. (13)). This general observation is important for planning
future empirical work to correlate food-web complexity with
other properties, such as diversity or invadibility.
When measuring the link density in food webs for the

purpose of relating it to food-web stability, lumping of
species cannot be ignored. Our method takes lumping
explicitly into account. But there is another problem for
which no satisfactory solution appears to exist, yet, which
is spatial coupling: assume that A eats only B in habitat I
and A eats only C in habitat II. If the populations of A are
isolated in the two habitats, the trophic niche breadth of A,
as relevant for May’s (1973) argument, is 1 in both
habitats. If, on the other hand, the populations are coupled
well enough that they are effectively identical, then the
trophic niche breadth of A has to be taken as 2 for stability
considerations. It is obvious that the spatial coupling
affects stability: in the first case B and C do not compete,
while in the second case A mediates an indirect competition
between the two resource species. In reality, the effective
niche breath of A would be somewhere between 1 and 2. A
future theory should tell how to incorporate the effects of
spatial coupling into the analysis of link density.
Finally, we caution to interpret the quantitative results

obtained here using the SCORE data files with care. Not
only because of the rather low accuracy we could achieve,
but also because this data had not been assembled for the
kind of analysis we did. For example, the diet of dolphins
in Florida Bay has been recorded as consisting to 98% of
fish and 2% of invertebrates, based on literature data
(Ulanowicz et al., 2003). All fish species were then
apportioned to the dolphin diet in proportions of their
abundances. Preferences of dolphins for particular fish
species were not taken into account. It is clear that such
procedures can lead to a systematic overestimation of Zc.
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Appendix A. Derivation of properties of the DPF and

related concepts

A.1. Normalization

To verify the normalization Eq. (6), first note that, by
Eq. (5), Zc is piecewise constant. Thus the integral (6)
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equalsX
i

ZcðliÞðli � liþ1Þ ¼
X

i

i

Sc

ðli � liþ1Þ ¼
1

Sc

X
i

li ¼ 1.

(A.1)

Using standard calculus, Eq. (6) can also be expressed in
terms of the inverse DPF,Z 1
0

yðzÞdz ¼ 1. (A.2)

A.2. DPF and generality distribution

We go over to a stochastic setting. Assume that, for
some fixed environmental conditions, there is a probability
density pðf 1; f 2; f 3 . . .Þ to obtain the sorted list of diet
fractions f i for one randomly chosen consumer species
(
P

i f i ¼ 1, f 1Xf 2Xf 3X � � � ; and f m ¼ 0 if the consumer
has less than m resources). Integrating out all but the nth
fraction (n 2 N) leads to the probability density pnðf Þ of
finding the link strength f for the nth strongest link.

The cumulative distributions

PnðyÞ:¼
Z 1

y
pnðf Þdf (A.3)

have the following interpretation: with the threshold for
link assignment y fixed, PnðyÞ is the probability that the nth
link exists, i.e. the probability that the consumer has n or
more links. Hence, with pgenðy; kÞ denoting the probability
that a consumer has exactly k resources with link strength
above threshold y—the ‘‘generality’’ k—one gets

PnðyÞ ¼
X1
k¼n

pgenðy; kÞ. (A.4)

That is, PnðyÞ is the cumulative distribution of the
generality of consumers. The average number of links per
consumer, Zc, is

ZcðyÞ ¼ hki ¼
X1
k¼0

kpgenðy; kÞ ¼
X1
n¼1

PnðyÞ. (A.5)

The last equation can be used to determine Zc from a given
cumulative generality distribution even if the particular
value of y to which it applies is unknown. Thus, even
without knowledge of the DPF, we can define the thresh-
old-dependent family of cumulative generality distributions
PgenðZc; nÞ. Once a DPF is given, one has

PnðyÞ ¼ PgenðZcðyÞ; nÞ. (A.6)

Differentiating Eq. (A.5) with respect to y yields

�Z0cðyÞ ¼
X1
n¼1

pnðyÞ. (A.7)

That is, the slope of the DPF pðf Þ:¼� Z0cðf Þ is the
probability density for some link of a randomly chosen
consumer to have strength f (because generally consumers
have more than one link, pðf Þ is not normalized). Eq. (A.7)
decomposes this density into the contributions from the
strongest link p1ðyÞ, from the next strongest link p2ðyÞ, etc.
These individual components can be computed according to
Eq. (8), which follows from combining Eqs. (A.3) and (A.6).

A.3. The univariate distributions of normalized ranks

The probability pnðf ÞDf for finding a link strength in the
small interval ½f ; f þ Df � equals the probability pnðzÞDz of
finding a normalized rank in the small interval ½z; zþ Dz� if
z ¼ Zcðf Þ and Dz=Df ¼ jZ0cðf Þj ¼ �Z0cðf Þ. Thus, the prob-
ability density pnðzÞ for the normalized rank of the nth
strongest link of a consumer is given by

pnðzÞ ¼ �
pnðyðzÞÞ
Z0cðyðzÞÞ

¼
dPgenðz; nÞ

dz
(A.8)

with the use of Eq. (8). By combining Eq. (A.7) and (A.8),
one gets

pðzÞ:¼
X1
n¼1

pnðzÞ ¼ 1 (A.9)

for all z as expected from the definition of z.

A.3.1. Random networks

We consider first the application of Eq. (A.8) to
Erdös–Renyi-type random networks: assume that all
trophic link strengths are assigned randomly and indepen-
dently from some given distribution. Then the number k of
prey items of a consumer above a given threshold follows a
Poisson distribution pgenðy; kÞ ¼ ZcðyÞ

k exp½�ZcðyÞ�=k!. By
Eq. (A.4),

PgenðZ; nÞ ¼
X1
k¼n

Zk

k!
e�Z ¼ 1�

Gðn;ZÞ
GðnÞ

(A.10)

and

pnðzÞ ¼
dPgenðz; nÞ

dz
¼

zn�1

ðn� 1Þ!
e�z. (A.11)

(For the verification of some results here and later on,
symbolic algebra software can be helpful.) These distribu-
tions correspond to normalized ranks which are indepen-
dently1 scattered with constant density along the z-axis: the
probability pnðzÞDz of finding the rank of the nth link in the
small interval ½z; zþ D� is the Poisson distributed prob-
ability of finding n� 1 links below z times the probability
Dz of finding a link in the small interval. From Eq. (A.11)
one obtains expectation value and standard deviation of z

as given in Section 3.3.

A.3.2. Food webs

Camacho et al. (2002b) showed that the family

PgenðZ; nÞ ¼ exp �
n

2Z

� �
�

n

2Z
E1

n

2Z

� �
, (A.12)
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with E1ðxÞ:¼
R1

x
t�1 expð�tÞdt denoting the exponential

integral function, describes the generality distributions of
empirical food-web data well. Eq. (A.12) is valid when Z is
large (cf. Rossberg et al., 2006b), and thus the predicted
fraction of bottom species B ¼ 1� PgenðZ; 1Þ is small and
we may then approximate Z ¼ Zc. To be consistent with
this approximation, sums over n such as in Eq. (A.5)
should be approximated by integrals

R1
0 dn. Eq. (A.12) is

remarkable also because not all data sets it describes are
based on the same criteria for link assignment.

Inserting Eq. (A.12) into Eq. (A.8) yields

pnðzÞ ¼
n

2z2
E1

n

2z

� �
. (A.13)

Up to normalization, the distribution of the normalized
rank depends only on n=z. For all n, the mean normalized
rank

R1
0 zpnðzÞdz and all higher moments are infinite.

A.4. The two-point density of normalized ranks

A.4.1. Definition

The conditional density of the normalized rank
pðz1; z2Þ defined in Section 3.3 has an equivalent inter-
pretation as the two-point density of normalized ranks
pðz1; z2Þpðz2Þ ¼ pðz1; z2Þ. That is, it gives the probability
pðz1; z2ÞDz1Dz2 of finding, among the resources of one
consumer, one with a link strength with normalized rank in
the small range ½z1; z1 þ Dz2� and another in the small range
½z2; z2 þ Dz2�.

A.4.2. Maximum entropy estimation

For a given family of rank distributions pnðzÞ we
compute the maximum entropy estimate (Jaynes, 1957) of
pðz1; z2Þ. For simplicity, we shall first ignore the constraint
that the diet fractions of a consumer have to add up to one,
but comes back to it further below.

Consider first the following general problem: let gðz1; z2Þ
be the density of ordered pairs ðz1; z2Þ of numbers
0oz1pz2o1. Let the density of z2 alone be

g2ðz2Þ:¼

Z 1
0

gðz1; z2Þdz1, (A.14)

and the distribution of z1 alone be

g1ðz1Þ:¼ lim
z!1

R z
0 gðz1; z2Þdz2R z
0

g2ðz2Þdz2
(A.15)

be given. We seek an estimate for gðz1; z2Þ. The formula for
g1ðz1Þ is expressed as a limit z!1 to include the case that
g2ðz2Þ is not normalizable (and it cannot be interpreted
as a probability density). In fact, the problem simplifies
considerably under the assumption that g2 is non-normal-
izable but g1 is normalized to

R
g1ðz1Þdz1 ¼ 1, and we shall

make this assumption hereafter.
Using standard functional analysis and Lagrangian

multiplier techniques, one finds that the density gðz1; z2Þ
satisfying Eqs. (A.14) and (A.15) and gðz1; z2Þ ¼ 0 for
z14z2 and maximizing the entropy H ¼ �

R R
g log
gdz1 dz2 has the general form

gðz1; z2Þ ¼ h1ðz1Þh2ðz2ÞYðz2 � z1Þ, (A.16)

where Yð�Þ is the Heaviside step function and h1 and h2 are
some real-valued functions. It is straightforward to verify
that the function

gðz1; z2Þ ¼
g1ðz1Þg2ðz2ÞR z2
0 g1ðzÞdz

Yðz2 � z1Þ (A.17)

satisfies all three conditions (A.14)–(A.16) and is thus the
desired maximum entropy estimator.
To use this result for the estimation of pðz1; z2Þ, let

g1ðz1Þ ¼ pnðz1Þ (A.18)

be the rank distribution of the nth link of a random
consumer, and

g2ðz2Þ ¼
X1

k¼nþ1

pkðz2Þ (A.19)

be the density of the normalized ranks of those links
weaker than the nth. Since each distribution pkðz2Þ is
normalized to one, g2ðz2Þ is non-normalizable as required.
Eq. (A.17) yields an estimate for the joint densities of
ordered pairs ðz1; z2Þ of normalized ranks under the
condition that z1 is the rank of the nth link. This last
condition can be relaxed by summing over all n, giving

p̂ðz1; z2Þ:¼
X1
n¼1

pnðz1Þ

Pgenðz2; nÞ

X1
k¼nþ1

pkðz2ÞYðz2 � z1Þ, (A.20)

where Eq. (A.8) has been used to evaluate the integral.
Finally, the two-point density of unordered pairs ðz1; z2Þ is
obtained as

pðz1; z2Þ ¼ p̂ðz1; z2Þ þ p̂ðz2; z1Þ. (A.21)

A.4.3. Random networks

For Erdös–Renyi networks as discussed above,
Eqs. (A.20) and (A.21) evaluate simply to pðz1; z2Þ ¼
1 ¼ pðz1Þ � pðz2Þ. The ranks of two randomly chosen links
of a random consumer are uncorrelated. This is the
expected result for Erdös–Renyi networks, confirming the
validity of our method.

A.4.4. Food webs

In order to evaluate Eq. (A.20) for the generality
distribution (A.12) in a consistent form, sums over n are
again replaced by integrals, giving

p̂ðz1; z2Þ �
Z 1
0

dn
pnðz1Þ

Pgenðz2; nÞ

Z 1
n

dkpkðz2ÞYðz2 � z1Þ

ðA:22Þ

¼ jðz1=z2ÞYðz2 � z1Þ ðA:23Þ

with

jðxÞ:¼
1

4x2

Z 1
0

nE1
n
2x

� �
� nþ

4

2� n expðn=2ÞE1ðn=2Þ

� �
dn,

(A.24)
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and

pðz1; z2Þ ¼ j min
z1

z2
;
z2

z1

� �� �
. (A.25)

A.4.5. Corrections for small z

We shall now discuss the effect of the constraint that
the diet fractions of a consumer have to add up to one. By
Eqs. (A.2) and (A.9) this constraint is satisfied on the
average (

R1
0 yðzÞpðzÞdz ¼ 1), but it should also be satisfied

in each case. In particular, the expectation value of the sum
of the diet fractions should be one also when the
normalized rank z1 of one diet fraction is already known,
i.e.

Z 1
0

yðz2Þpðz1; z2Þdz2 þ yðz1Þ ¼ 1. (A.26)

The estimated density (A.21) does not generally satisfy this
condition. Adding Eq. (A.26) to the prerequisites for the
maximum likelihood estimation is possible but awkward.
Instead, we note here that the integral over z2 in Eq. (A.26)
has contributions only from small z2, where yðz2Þ ¼ Oð1Þ
(assuming exponentially decaying yðzÞ). Thus, it will affect
pðz1; z2Þ mostly for small z2 and, by symmetry, for small z1
(there typically leading to lower densities than (A.21)). For
other values of z1 and z2, Eq. (A.21) should be a good
approximation.
Appendix B. Derivation of an error estimator for empirically

determined DPF and link densities

Here, formulae (13) and (14) of the error of estimator (5)
for the DPF (or the link density for a fixed threshold) are
derived.

It is assumed that there is a ‘‘true’’ DPF ZcðyÞ of some
sort, e.g. the expectation value for some specific class of
food webs or the DPF of a single web from which a
comparatively small number of links l0j has been sampled.
Errors due to the finite sample size are evaluated in Section
B.1, errors due to inaccurate measurement of the l0j in
Section B.2.
B.1. Sampling errors

Define the sampling function sðzÞ in the following way:
divide the z-axis into small intervals of width Dz and set
sðzÞ ¼ 1=Dz in the intervals into which Zcðl

0
jÞ falls for at

least one of the sampled diet fractions l0j, and otherwise set
sðzÞ ¼ 0.

To lowest order in Dz, the expectation value of the
sampling function is

hsðzÞi ¼
1

Dz
pScpðzÞDz ¼ pSc (B.1)
and its second moment

hsðz1Þsðz2Þi

¼
p2Sc½pðz1; z2Þ þ ðSc � 1Þ� if z1 and z2 are in different intervals;

pSc=Dz if z1 and z2 are in identical intervals;

(

ðB:2Þ

where pðz1; z2Þ is the two-point density of normalized ranks
defined in Section A.4.1. The expression for the case of
different intervals takes into account that, while there are
considerable correlations between the link strength to the
resources of one consumer, such correlations are weak
between different consumers (Rossberg et al., 2006a).
Now, take the limit Dz! 0. The covariance of sðzÞ then

becomes

covðsðz1Þ; sðz2ÞÞ ¼ hsðz1Þsðz2Þi � hsðz1Þihsðz2Þi

¼ pScfp½pðz1; z2Þ � 1� þ dðz1 � z2Þg, ðB:3Þ

with dð�Þ denoting Dirac’s d-functional.
Using the sampling function sðzÞ, estimator (12) can be

rewritten as

Ẑcðy0Þ ¼

RZcðy0Þ
0 sðzÞdzR1
0

yðzÞsðzÞdz
, (B.4)

where yð�Þ denotes the true inverse DPF, i.e. ZcðyðzÞÞ ¼ z.
The variance of the numerator integral N:¼

RZc

0 sðzÞdz in
Eq. (B.4) (we suppress the argument y0 from here on) is
given by

varN ¼

Z Zc

0

Z Zc

0

covðsðz1Þ; sðz2ÞÞdz1 dz2

¼ p2Sc

Z Zc

0

Z Zc

0

ðpðz1; z2Þ � 1Þdz1 dz2 þ pScZc. ðB:5Þ

For not too small Zc, contributions from small z1 or small
z2 are negligible over the full range ½0;Zc� � ½0;Zc� of the
last integral, and we may rely on Eqs. (A.24) and (A.25) for
pðz1; z2Þ. The last double integral then evaluates to 5Z2

c=3.
Since the expectation value of N is pScZc by Eq. (B.1), the
relative variance of the numerator integral N is

varN

hNi2
¼

1

pSc

5

3
pþ

1

Zc

� �
. (B.6)

For the denominator integral D ¼
R1
0 yðzÞsðzÞdz in

Eq. (B.4) one obtains

varD

hDi2
¼

p
R1
0

R1
0 yðzÞyðz0Þðpðz; z0Þ � 1Þdz0 dzþ

R1
0 yðzÞ2 dz

pSc

ðB:7Þ

¼
ð1� pÞ

R1
0 yðzÞ2 dz

pSc

ðB:8Þ

with the help of Eqs. (A.2) and (A.26), independent of the
particular form of pðz1; z2Þ.
The relative variance of D is small (51) if pScb1. We

shall assume this in the following. It is then straightforward
to verify that the expectation value of Ẑc ¼ N=D equals Zc

to lowest order in 1=pSc, i.e. the estimator is asymptotically
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unbiased. Using the standard error-propagation law, one
obtains the relative variance of Ẑc

var Ẑc

hẐci
2
¼

varN

hNi2
þ

varD

hDi2
� 2

covðN ;DÞ

hNihDi
, (B.9)

with the last term evaluating to

covðN;DÞ

hNihDi
¼

1

pScZc

p

Z Zc

0

Z 1
0

yðz0Þðpðz; z0Þ � 1Þdz0 dz

�

þ

Z Zc

0

yðzÞdz

�

¼
ð1� pÞ

RZc

0
yðzÞdz

pScZc

, ðB:10Þ

again using Eqs. (A.2) and (A.26).
Putting Eqs. (B.6), (B.7), and (B.10) into Eq. (B.9) and

replacing p! p̂ (see Eq. (11)),
R
!
P

, z! i=p̂Sc,
yðzÞ ! l0i, and pScZc ! j yields the estimator (13) for the
relative variance of Ẑc.

B.2. Measurement errors

Assume that the measurement standard errors si for all l0i
have been estimated by other methods. These errors
contribute to the variance of the numerator integral N if
fractions with (true) normalized rank zoZc are erro-
neously thought to have a rank 4Zc and are thus not
included in the integral or vice versa. Let qi be the
probability for the rank of the ith diet fraction to be on the
wrong side of Zcðy0Þ due to measurement errors. For
example, for Gaussian errors,

qi ¼
1

2
1� erf

jl0i � y0j

si

ffiffiffi
2
p

� �� �
. (B.11)

Since N just counts the number of diet fractions with rank
below Zc, each fraction contributes a variance qið1� qiÞ to
the variance of N. The total contribution to the relative
variance of N is thus given by the first term in Eq. (14).

Measurement errors in the l0i also affect D, the sum over
all l0i in the denominator. The contribution to the relative
variance of D is given by the second term in Eq. (14), where
the factor ð1� p̂Þ accounts for correlations between the diet
fraction due to the normalization in Eq. (2), assuming
uncorrelated errors for the diet masses mik.

Since, as exemplified in Section 5.2, the effect of
measurement errors is generally small, correlations of the
last two kinds of errors with other errors are not considered
here.
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2005. Quantitative patterns in the structure of model and empirical

food webs. Ecology 86 (5), 1301–1311.

Sugihara, G., Schoenly, K., Trombla, A., 1989. Scale invariance in food

web properties. Science 245, 48–52.

Ulanowicz, R.E., 1999. NETWRK 4.2a: a package of computer

algorithms to analyze ecological flow networks. Technical Report,

UMCEES Ref. No. 82-7 CBL, University of Maryland.

Ulanowicz, R.E., Wolff, W.F., 1991. Ecosystem flow networks: loaded

dice? Math. Biosci. 103, 45–68.

Ulanowicz, R.E., Bondavalli, C., Egnotovich, M.S., 1997. Network

analysis of trophic dynamics in South Florida ecosystems, FY 96:

the cypress wetland ecosystem. Annual Report to the United States

Geological Service Biological Resources Division, University of Miami

Coral Gables, [UMCES] CBL 97-075, Maryland System Center for

Environmental Science, Chesapeake Biological Laboratory.

Ulanowicz, R.E., Bondavalli, C., Egnotovich, M.S., 1998. Network

analysis of trophic dynamics in South Florida ecosystem, FY 97: the

Florida Bay ecosystem. Annual Report to the United States

Geological Service Biological Resources Division, University of Miami
Coral Gables, [UMCES] CBL 98-123, Maryland System Center for

Environmental Science, Chesapeake Biological Laboratory.

Ulanowicz, R.E., Bondavalli, C., Heymans, J.J., Egnotovich, M.S., 1999.

Network analysis of trophic dynamics in South Florida ecosystem, FY

98: the mangrove ecosystem. Technical Report TS-191-99, Maryland

System Center for Environmental Science, Chesapeake Biological

Laboratory.

Ulanowicz, R.E., Heymans, J.J., Egnotovich, M.S., 2000. Network

analysis of trophic dynamics in South Florida ecosystems, FY 99:

the graminoid ecosystem. Technical Report TS-191-99, Maryland

System Center for Environmental Science, Chesapeake Biological

Laboratory.

Ulanowicz, R.E., Heymans, S., Bondavalli, C., Egnotovich, M.S., 2003.

Network analysis of the trophic dynamics of south florida ecosystems.

hhttp://www.cbl.umces.edu/�atlss/i, accessed 11/2005.

Warren, P.H., 1989. Spatial and temporal variation in the structure of a

freshwater food web. Oikos 55, 299–311.

Warren, P.H., 1990. Variation in food-web structure: the determinants of

connectance. Am. Nat. 136, 689–700.

Winemiller, K.O., 1990. Spatial and temporal variation in tropical fish

trophic networks. Ecol. Monog. 60, 331–367.

Winemiller, K.O., Layman, C.A., 2006. Food web science: moving on the

path from abstraction to prediction. In: de Ruiter, P., Wolters, V.,

Moore, J.C. (Eds.), Dynamic Food Webs. Academic Press, Amster-

dam, pp. 10–23 (Chapter 1.2).

Yodzis, P., 1980. The connectance of real ecosystems. Nature 284,

544–545.

http://www.fao.org/DOCREP/ARTICLE/AGRIPPA/552_EN.HTM
http://www.cbl.umces.edu/atlss/
http://www.cbl.umces.edu/atlss/

	Estimating trophic link density from quantitative �but incomplete diet data
	Introduction
	The diet partitioning function
	Traditional link density
	Measuring link strength
	Consumer link density
	Definition and construction of the DPF
	Examples of DPF ignoring species lumping

	Some properties of the DPF
	Normalization and probability interpretation
	DPF and generality distributions
	Normalized ranks and their distribution

	Estimating the DPF from incomplete information
	Incomplete sampling of consumers
	Incomplete resolution of diets
	Error estimate

	Examples of DPF using the new estimator for the link density
	Typical DPF and their dependence on S
	Error structure

	Conclusions
	Acknowledgements
	Derivation of properties of the DPF and related concepts
	Normalization
	DPF and generality distribution
	The univariate distributions of normalized ranks
	Random networks
	Food webs

	The two-point density of normalized ranks
	Definition
	Maximum entropy estimation
	Random networks
	Food webs
	Corrections for small z


	Derivation of an error estimator for empirically determined DPF and link densities
	Sampling errors
	Measurement errors

	References


